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Abstract
In this paper, the concepts of absolute ;15,-open, absolute 1.5,-closed
functions, absolute pS,-continuity, and pS,-connectedness in
generalized topological spaces are introduced and some of their
properties are established.
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1 Introduction

The idea of pSp,-open and pS,-closed sets in the generalized topological
space was introduced in [1]. In order to relate two GT-spaces X and Y, we
shall define absolute pS,-open functions, absolute p5,-closed functions, and
absolute (.5),-continous functions.

Throughout this paper, the space (X, pu) (or simply X) always means a
generalized topological space (GT-space) on which no separation axioms are
assumed unless explicitly stated. For a subset A of a GT-space X, 15,c,(A),
wSpi(A), and X\A denote the pS,-closure of A, puSp-interior of A, and
complement of A in X, respectively.

*This research is funded by the Department of Science and Technology-Accelerated
Science and Technology Human Resource Development Program (DOST-ASTHRDP).
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2 Preliminaries

In [1], Benjamin, P. L and Rara, H. M defined a subset A of a GT-space
X to be pS,-open if A is p-semiopen and for every x € A, there exists a
p-preclosed set F' such that x € FF C A. The complement of a pS,-open set
is called a pSy,-closed set. The collection of all uS,-open sets in X forms a
strong generalized topology but not always a topology on X and the arbitrary
intersection of u.S),-closed sets in X is pu.S,-closed. The union of all the 1.S,-open
sets of a GT-space X contained in A is called the pS,-interior of A, denoted
by wSpi,(A). The intersection of all the puS,-closed sets of X containing A is
called the puS,-closure of A, denoted by pS,c,(A).

Definition 2.1 A function f: (X, ux) — (Y, py) is called

(1) absolute j1S,-open if the image f(A) is py Sp-open in Y for each pixS,-open
set A in X;

(ii) absolute S,-closed if the image f(A) is uS,-closed for each p.S,-closed set
Ain X;

(iii) absolute uS,-continuous [1] if for every uy S,-open subset U of Y, f~1(U)
is p1xSp-open in X;

3 Absolute ;S,-Continuous Functions

In topological spaces, continuous functions send the inverse image of an open
set into an open set. The definiton of absolute 1.S,-continuous functions seems
to be parallel to this. Moreover, its properties behave similarly.

Theorem 3.1 If f : (X,ux) = (Y,uy) and g : (Y,uy) — (Z,1uz) are both
absolute pS,-continuous, then go f : X — Z is absolute j15,-continuous.

Proof: Let U be p1zS,-open in Z. Then g~ !(U) is 1y Sp-open since g is absolute
pS,-continuous. Thus, f~H(g ' (U)) = (go f)~1(U) is pxS,-open since f is
absolute p.S,-continuous. Therefore, g o f is absolute ;.5,-continous. O

Theorem 3.2 Let [ : (X,ux) — (Y,uy) be a function. The following
statements are equivalent:

(i) f is pS,-continuous.

(ii) For each x € X, and each py-open set V' containing f(x), there exists a
pxSy-open set U containing x such that f(U) C V.

(iii) f~H(F) is pxSy-closed in X for every uy-closed set F in'Y.

(iv) f(uxSpcuy (A)) C ey (f(A)) for every A C X.

(v) 1xSpeu (fHB)) € [ (cuy (B)) for every BC Y.

(vi) 7 iy (B)) C pxSpiuy (f7HB)) for every BCY.
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(vil) 4, (f(A)) € fpuxSpiuy(A)) for every subset A of X whenever f is
bijective.

Proof: (i) = (ii): Let x € X and let V' be a uy-open set with f(z) € V.
Since f is uS,-continuous, f~H(V) is pxSpy-open in X and z € f~1(V). Take
U= f1(V)sothat f(U) CV with z € U.

(i) = (i): Let V be any puy-open set in Y and let z € f~1(V). Then f(z) €

By (2), there exists a uxSy-open set U, such that x € U, and f(U,) C V. Slnce

U U, is a puxSy-open set in X, f~1(V) = U U, is a puxS,-open set.

zef~1(V) zef~H(V)
Therefore, f is j1S,-continuous.

(i) < (iii): Let f be a uS,-continuous function and F' be any jy-closed set in Y.
Then Y\F is py-open. Since f is uS,-continuous, f~(Y\F) is pxS,-open.
Now, f(Y\F) = fH(Y)\fTH(F) = X\f7}(F). Hence, f7!(F) is px Sy
closed in X. Conversely, let F' be a py-open set in Y. Then Y\ F' is uy-closed.
By assumption, f"HY\F) is puxS,closed in X. Since

“HY\F) = X\fUYF), f1(F)is pxSy-open. Therefore, f is uS,-continuous.
(ili) = (iv): Let A be any subset of X. Then f(A) C ¢,, (f(A)) and ¢, (f(A))
is a py-closed set in Y. By assumption, f~(c,, (f(A))) is a uxS,-closed set
in X. Hence, uS,c,, (A) C f~1(cuy (f(A))). Therefore,

F(xSpcux (A)) € cuy (F(A)).
(iv) = (v): Let B C Y. Then f~!(B) is a subset of X. By (iv),

F xSy (FH(B))) € euy f(fH(B)) € ey (B)-

Thus, ,UXSPCMX(f ( )) cr (CuY( ))

(v) = (vi): Let B C Y. Since puxSpcuy (f"HY\B)) = X\puxSpiuy (fHB))
and [~ (¢, (YAB) = [~ (Y\iyy (B)) = X\f7'(iny (B)). Applying (v) to
Y\ B, we have puxS,c,, (f7H(Y\B)) C f~!(cu (Y\B)). It follows that

F iy (B)) € pxSpiy (f(B))-
vi) (V1i) Let A be any subset of X and f be an injective function. Then by

(
(1), £ (i (F(A))) € pix Sping (A). Therefore, iy (F(A)) € (11 Syipy (A))
(vii) = (i): Let V' be a uy-open subset of Y and f be a surjective function.

Then by (vii), 4y, (f(f7'(V))) € f(pxSpinx (f71(V))). Thus,
iy (V) S f xSy (FH(V)))-
Since V' is py-open, V' C f(uxSpiny (f71(V))) so that
FHV) € pxSpiy (V).

Hence, pxSpiuy (f71(V)) = f~1(V) which is pxS,-open. Therefore, f is f15,-
continuous. The proof is complete. 0
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Remark 3.3 Let (X, Z(X)) be a GT-space. Then A is puS,-open for every
A C X. In particular, in the space 2 = ({0,1}, Z({0,1})), every subset of
{0,1} is puS,-open.

Theorem 3.4 Let X be a GT-space and let x, : X — 2 be the characteristic
function of a subset A of X. Then xa is absolute uS,-continuous if and only
if A is both pS,-open and pS,-closed.

Proof: Suppose that x4 is absolute puS,-continuous. Let O; = {1} and
Oy = {0}. Then O; and O, are puS,-open in {0,1}. Since x, is absolute
1Sy-continuous, x'(01) = A and x'(02) = X\A are uS,-open sets in X.
Thus, A is both ©S,-open and j1.5,-closed.

Conversely, let A be both pS,-open and pS,-closed in X. Let O be a
pSy-open set in {0,1}. Then

g if0=g,
o) x o ifo={o1},
O=9 4 o=y,

X\A if O = {0}.

It means that Xgl(O) is puSp-open. Therefore, x4 is absolute ;5,-continuous.
This completes the proof. O

Theorem 3.5 Let f : (X,ux) = Yiuy) and g : (Y,uy) — (Z,uz) be
mappings such that the composition go f : X — Z 1is absolute puS,-closed.
If f is absolute pS,-continuous and surjective, then g is absolute puS,-closed.

Proof: Let f be absolute p.S,-continuous and surjective and let A be a py.S)-
closed subset of Y. Since f is absolute p.S,-continuous, f~!(A) is uxS,-closed
in X. Since go f is uSy,-closed, (go f)(f~'(A)) is uzSy-closed in Z. Since

[ is surjective, (g o f)(f7HA)) = g(f(f~*(A4))) = g(A) is also uS,-closed.
Therefore, g(A) is an pzS,-closed set in Z and g is an absolute p.S,-closed
function. OJ

4 Absolute pS,-open and Absolute p©.5,-closed
Functions

This section includes some properties of absolute p.5,-open and absolute 11.5,-
closed functions.

Theorem 4.1 Let f : (X, ux) — (Y, uy) be a bijective function. Then the
following statements are equivalent:
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~

. [ is absolute pS,-open.

NS

. [ is absolute puS,-closed.

3. [ (1xSplux (A)) S py Spiy (f(A)) for every A C X.

4. For each subset W of Y and each uxS,-open set U containing f~(W),
there exists a py Sy-open set V. of Y such that W CV and f~1(V) CU.

5. For every subset S of Y and for every uxSy-closed set F' of X containing
f7Y(S), there exists a pySy-closed set K of Y containing S such that
JUK) C P,

6. f~ 1y Speuy (B)) € pixSpeuy (f7H(B)) for every subset B of Y.

7.y Speuy (f(A)) C f(pxSpcuy (A)) for every subset A of X.

Proof:

(1) < (2): Let f be uSy-open and D be puxSy-closed in X. Then X\ D is px S,-
open and f(X\D) is uySp,-open. Since f is bijective, Y\ f(D) = f(X\D) is
py Sp-open. Thus, f(D) is py Sy-closed.

Conversely, let f be uS,-closed and suppose that O is a px.S,-open set in

X. Then X\O is pxS,-closed and f(X\O) =Y\ f(O) is puy S,-closed. There-
fore, f(O) is py S,-open.
(1) & (3): Let A C X and suppose that f is absolute pS,-open. Since
px Spiy (A) is px Sp-open and f is absolute pS,-open, f(ux Syt (A)) is py Sp-
open. Also, puxSpiu,(A) C A implies that f(uxSpiu,(A)) € f(A). Thus,
FxSpiny (A)) € pySpin, (f(A)) by definition of p1y Spi,, (f(A)).

Conversely, let O be a pxSy,-open set in X. Then pxS,i,, (0O) = O and

F11Syi (0)) = F(O) € 1y Sy, (F(0)) € F(O). Hence, jiy Sy (£(0)) =
f(O). Since py Spin, (f(O)) is py Sp-open, f(O) is py S,-open. Therefore, f is
an absolute pS,-open function.
(2) & (7): Let A C X and suppose that f is absolute pS,-closed. Since
A C ey (A), f(A) C fpxSpcuy (A)). Moreover, since f1xSpcuy (A) is fuxSy-
closed in X, f(pxSpcuy(A)) is pySy-closed. Therefore, pySpe,, (f(A)) C
f(px Speyy (A)).

Conversely, let O be puxSp,-closed.  Then pxSyc,,(O) = O and
fxSpeuy (0)) = f(O). Since f(O) S pySpeuy (f(O)) € f(1xSpcux (0)) =
f(O), pySpeuy (f(O)) = f(O). Since pySpep, (f(O)) is py Sp-closed, f(O) is
y Sp-closed. Therefore, f is an absolute ©.S,-closed function.

(1) < (5): Suppose that f is absolute puSy,-open. Let S C Y and F be a
px Sp-closed subset of X such that f~!(S) C F. Now, X\F is a uxS,-open
set in X. Since f is absolute puS,-open, f(X\F) is pyS,-open in Y. Then
K = Y\f(X\F) is a pySy-closed set in Y. Since f~}(S) C F, X\F C
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X\f(S) = fN\S). Thus, F(X\F) C f(f(¥\S)) C Y\S. Hence
Y\(Y\S) CY\f(X\F) implying that S C K and

FHUE) = X\[THA(X\F)) € X\(X\F) = F.

For the converse, let U be a jx.Sy-open set in X. Since X\U is p1x S,-closed
and f~H(Y\f(U)) = X\(f(f(U))) € X\U, by assumption, there exists a
py Sy-closed subset K of Y such that Y\ f(U) C K and f~}(K) C X\U so
that U C X\ f~}(K). Hence, Y\K C f(U) C f(X\f'(K)) C Y\K. This
implies that f(U) = Y\ K. Since Y\ K is puy Sy-open, f(U) is py S,-open in Y.
Therefore, f is absolite jS,-open.

(2) < (4): Similar to (1) < (5).

(1) < (6): Suppose that f: X — Y is an absolute puS,-open function and let
B be any subset of Y. Since f~1(B) C ¢, (f"HB)) and pxSycuy (f1(B))
is uxSp-closed in X, by (1) < (5), there exists a uySy-closed set K of Y
such that B C K and f~Y(K) C ¢, (f~'(B)). Hence, uySyc,, (B) C K.
Therefore, [~ (py Spcuy (B)) C fHK) C uxSpeuy (fH(B)).

Conversely, let O be a px-open set in X. Then X\O is px-closed and
iy Sy (F(X\0))) € X\O. Also, X\O € (v Sy (F(X\0))) and
Wy Spcuy (F(X\O)) = Y\ f(O). Since py Spcuy, (f(X\O)) is py Sp-closed, f(O)
is p1y Sp-open. Therefore, f is an absolute p.S,-open function. OJ

Theorem 4.2 If f : X — Y and g : Y — Z are both absolute nS,-open
functions, then the composition go f : X — Z is absolute 1S,-open.

Proof: Let F' be any puS,-open set in X. Since f is absolute puS,-open, f(F)
is uSy-open in Y. Because g is absolute pSy-open, g(f(F')) is pSy,-open in Z.
Thus, (go f)(F) = g(f(F)) is uSy-open and hence g o f is uS,-open. O

Theorem 4.3 For a bijection map f : X — Y, the following are
equivalent:

(a) f71:Y — X is absolute puS,-continuous.
(b) f is absolute puS,-open.
(c) f is absolute 11S5,-closed.

Proof: (a)=(b): Let U be a puS,open set of X. By hypothesis,
(fH~YU) = f(U) is uS,-open in Y so that f is uS,-open.

(b)=(c): Let F be a pS,-closed set of X. Then X\F is uS,-open in X.

By assumption, f(X\F) is uS,-open in Y. Since f is bijective, X\ f(F) =
F(X\F') is pSp-open in Y. Hence, f(F') is uSy-closed in Y. Therefore, f is
pS,-closed.

(c)=>(a): Let F be a uS,-closed set of X. By (c), f(F) is uS,-closed in Y.
But f(F) = (f~')"*(F). Thus, f~* is uS,-continuous. O
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5 uS,-connectedness

Definition 5.1 A GT-space (X, i) is pS,-connected if it is not the union of
two nonempty disjoint pS,-open sets.  Otherwise, the space (X, p) is
wSy-disconnected.

Remark 5.2 A space (X,p) is wuS,-disconnected if there exist a disjoint
nonempty pSy-open sets A and B such that X = AU B. The set AU B
is called the pS,-decomposition of X.

Theorem 5.3 Let (X, pu) be a GT-space. Then the following statements are
equivalent:

(a) X is uS,-connected.
(b) The only subsets of X both uS,-open and uS,-closed are @ and X .

(¢) No absolute puS,-continuous function f: X — 2 is surjective, where 2 is
the space {0, 1} with the discrete topology.

Proof: (a)=-(b) Let G be both ;S,-open and ;.5,-closed set in X and suppose
that G # @, X. Then G U X\G is an uS,-decomposition of X. It follows
that X is not pS,-connected. Thus, the only subsets of X both ;.5,-open and
uS,-closed are & and X.

(b)=>(c) Suppose that f : X — 2is uS,-continuous and surjective. Then
f71({0}) # @, X. Since {0} is both pS,-open and wS,-closed in 2, f~({0})
is both pS,-open and pS,-closed. This is a contradiction to our hypothesis.
Thus, no pS,-continuous function f : X — 2 is surjective.

(c)=(a) Suppose that X is uS,-disconnected. Then X = AU B, where A
and B are disjoint nonempty pS,-open sets. It follows that A and B are
also pSy-closed sets in X. Now, consider the characteristic function x4. By
Theorem 3.4, x4 is absolute pS,-continuous and surjective. This contradicts
our assumption. Therefore, A is ;15,-connected. O

Theorem 5.4 The absolute 115,-continuous image of an j1S,-connected space
s puSp-connected.

Proof: Let X be a 115,-connected space and let f: X — f(X) be an absolute
wuS,-continuous function. Suppose that f(X) is uS,-disconnected. Then there
exists an absolute uS,-continuous surjection g : f(X) — 2 by Theorem 5.3.
By Theorem 3.1, the composition of two absolute 11.5,-continuous functions is
absolute pS,-continuous. Thus, go f : X — 21is an absolute p.5,-continuous
surjection which is a contradiction to Theorem 5.3. Therefore, f(X) is puS,-
connected. 0
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Theorem 5.5 The union of any family of uS,-connected GT-spaces having at
least one point in common is also (uSy,-connected.

Proof: Let {X, : a € I} be a collection of ;15,-connected sets in X, and let
X = UyX,, where X, are pS,-connected for each a. Suppose that
T, € NaXy and f @ X — 2 be an absolute ;1S,-continuous function. Since
each X, is uS,-connected, f|4, is not surjective. Moreover, since z, € Ny X,
f(z) = f(z,) for all z € X, for each a.. Therefore, f cannot be surjective. By
Theorem 5.3, X = Uy, X, is pS,-connected. Il
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Abstract

In this paper, the concept of rw-connectedness and rw-sets in the
product space is studied. Specifically, this paper characterized rw-
connectedness in terms of rw-open and rw-closed sets and rw-continuous
functions. This also established some results involving regular open, reg-
ular semiopen, rw-interior, and rw-closed sets in the product of subsets
of a topological space.
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1 Introduction

In 1937, Stone [6] introduced and investigated the regular open sets. These
sets are contained in the family of open sets since a set is regular open if it is
equal to the interior of its closure. In 1978, Cameron [2] also introduced and
investigated the concept of a regular semiopen set. A set A is regular semiopen
if there is a regular open set U such that U C A C U. In 2007, a new class of
sets called regular w-closed sets (rw-closed sets) was introduced by Benchalli

! This research is funded by the Department of Science and Technology-Philippine Council
for Advanced Science and Technology Research and Development (DOST-PCASTRD).
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and Wali [1]. A set B is rw-closed if B C U whenever B C U for any regular
semiopen set U. They proved that this new class of sets is properly placed
in between the class of w-closed sets [5] and the class of regular generalized
closed sets [4].

In this paper, the concepts of rw-connectedness and rw-open sets in the
product space are further investigated.

Throughout this paper, space (X, T) (or simply X) always means a topolog-
ical space on which no separation axioms are assumed unless explicitly stated.
For a subset A of a space X, A, int(A), and C(A) denote the closure of A,
interior of A, and complement of A in X, respectively.

2 Preliminaries

Definition 2.1 [1] A function f: X — Y is called

(i) rw-open if the image f(A) is rw-open in Y for each open set A in X.

(ii) rw-closed if the image f(A) is rw-closed for each closed set A in X.

(iii) rw-continuous if for every open subset U of Y, f~}(U) is rw-open in X.
(iv) regular strongly continuous (briefly rs-continuous) if the inverse image of
every rw-open set in Y is open in X, that is, f~!(A) is open in X for all
rw-open sets A in Y.

3 rw-connectedness

Definition 3.1 A space (X, T) is rw-connected if it is not the union of two
nonempty disjoint rw-open sets. Otherwise, a space (X, T) is
rw-disconnected. A subset A of a topological space is rw-connected if it is
rw-connected as a subspace of X.

Remark 3.2 A space (X, T) is rw-disconnected if there exist a disjoint nonempty
rw-open sets A and B such that X = AU B. The set AU B 1is called the rw-
decomposition of X.

Theorem 3.3 Let X be any space and let x4 : X — 2 be the characteristic
function of a subset A of X. Then x4 is rw-continuous if and only if A is
both rw-open and rw-closed.

Proof: Suppose that x4 is rw-continuous. Let O; = {1} and Oy = {0}. Then
O, and O, are open in {0,1}. Since Y4 is rw-continuous, x,;'(0;) = A and
X' (O2) = C(A) are rw-open sets in X. Thus, A is both rw-open and rw-
closed.
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Conversely, let A be both rw-open and rw-closed in X. Let O be an open
set in {0,1}. Then

g  if0=0

. X  ifo={0,1}
A @=94  io={1
C(4) if O = {0}.

It means that x ;' (O) is rw-open. Therefore, x4 is Tw-continuous. O

Theorem 3.4 Let (X,T) be a topological space. Then the following
statements are equivalent:

(a) X is rw-connected.
(b) The only subsets of X both rw-open and rw-closed are & and X .

(¢) No rw-continuous function f : X — 2 is surjective, where 2 is the space
{0, 1} with the discrete topology.

Proof: (a)=(b) Let G be both rw-open and rw-closed set in X and suppose
that G # @,X. Then G U C(G) is an rw-decomposition of X. It follows
that X is not rw-connected. Thus, the only subsets of X both rw-open and
rw-closed are @ and X.

(b)=>(c) Suppose that f : X — 2 is rw-continuous and surjective.
Then f~1({0}) # @,X. Since {0} is both open and closed in 2, f~'({0})
is both rw-open and rw-closed. This is a contradiction to our hypothesis.
Thus, no rw-continuous function f : X — 2is surjective.

(c)=-(a) Suppose that X is rw-disconnected. Then X = A U B, where A
and B are disjoint nonempty rw-open sets. It follows that A and B are also
rw-closed sets in X. Now, consider the characteristic function y4. By Theo-
rem 3.3, x4 is rw-continuous and surjective. This contradicts our assumption.
Therefore, A is rw-connected. OJ

Theorem 3.5 FEwvery rw-connected space is connected.

Proof: Suppose that a space X is rw-connected and X is not connected. Then
there exist two nonempty disjoint open sets O; and O, such that X = O;UOs.
Thus X is also the union of two nonempty disjoint rw-open sets. Thus, X is
not rw-connected which is a contradiction. Therefore, X is connected. O

Remark 3.6 The converse of Theorem 3.5 is not true.
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To see this, consider the space (X, T) where X = {a,b,c} and

T = {2, X,{a},{b},{a,b}}. Then the possible decomposition of X is
{a,b} U {c} but {c} is not open. Thus, X is connected. The rw-open sets
in X are X, @, {a}, {b},{c}, and {a,b}. Now, X = {a,b} U {c} implying that
X is rw-disconnected.

Theorem 3.7 The rw-continuous image of an rw-connected set is connected.

Proof: Let X be an rw-connected set and let f : X — f(X) be an
rw-continuous function. Supopose that f(X) is disconnected. Then by there

exists a continuous surjection ¢ :  f(X) — 2 Hence,
gof : X — 2is an rw-continuous surjection which is a contradiction to
Theorem 3.4. Therefore, f(X) is connected. 0

4 rw-sets in the Product Space

Throughout this section, let {Y,| a € A} be family of topological spaces,
H{Ya\ a € A} be the cartesian product space, A; and B; are subsets of Y;.

Theorem 4.1 If A and B are subsets of X with A C B, then rw-(A) C rw-
(B).

Lemma 4.2 H B; s reqular open if and only if B; is reqular open for every
i=1
1=1,2,...,n.

Proof: Let H B; be a regular open set. Then

=1

int ( HB" ) =int ( HE) = Hmt(g) = HBi'
i=1 i=1 i=1 i=1
Therefore, int(B;) = B;. Hence, B; is regular open.
The converse is proved similarly. O

Lemma 4.3 If A; is reqular semiopen for every i = 1,2,....,n, then HAi is
i=1
reqular semiopen.



Rw-connectedness and rw-sets in the Product Space 4371

Proof: Let A; be regular semiopen for every ¢ = 1,2, ...,n. Then there exists a
n

regular open U; such that U; C A; C U;. By Theorem 4.2, H U; is regular open
i=1

H U; C H A; C ﬁﬁz = ﬁ U;. Therefore ﬁ A; is regular semiopen. O

=1 i=1 i=1 i=1 i=1

Remark 4.4 If A is reqular open (reqular semiopen) in HYi’ then A is not
i=1
necessarily a cartesian product of reqular open (reqular semiopen) sets in Y;.

Lemma 4.5 If HE 18 rw-closed in HX“ then F; is rw-closed in X; for

every i =1,2,...,n.

Proof: Suppose that HE is rw-closed in HXi and let F; C U, where U; is

=1 =1

regular semiopen. Then H F; C H U;. Since H F; is rw-closed and H U; is

=1 =1
regular semiopen by Lemma 4.3, HE C H U;. But HE :HE- - H U;
i=1 i=1 i=1 i=1 i=1
implies that F; C U; for every i = 1,2,...,n. Therefore, F; is rw-closed for
every i = 1,2,....n. O

Lemma 4.6 rw-int(A) = C(rw-(C(A)).

Proof:

x € rw-int(A) < x € O for some rw-open set O with O C A
& x ¢ C(O) for some rw-closed set C(O)
with C(A) C C(0)
&z ¢ rw-(C(A))
& a € C(rw-(C(4)))

This completes the proof. 0]

Lemma 4.7 rw-int(A) = C(rw-(C(A)).
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Proof:

P.L Benjamin and H.M Rara

x € rw-int(A) < x € O for some rw-open set O with O C A

& ¢ C(O) for some rw-closed set C(O)
with C(A) C C(0O)

&z ¢ rw-( (ﬂ

& z e Clrw-(C(A)))

This completes the proof. 0]

n

Theorem 4.8 rw-int (H Ai> = Hrw—int(Ai).
i=1

i= 1=1

Proof: By Lemma 4.7, and Theorem 4.1,

rw-int (ﬁ AZ-)
i=1
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Abstract:

We introduce a non-unital and non-commutative ring S,,(F1), called

ring of ordered sum over Fz, the binary field. We discuss linear codes over this ring,

also known as S,,-codes, and their algebraic structure, particularly, their residue and

torsion codes. We explore the generalized notion of duality of S,,-codes.

Keywords
codes, Non-unital ring

1 INTRODUCTION

Self-dual codes and self-orthogonal codes, and conse-
quently, Type IV codes, which are self-dual codes where
all the codewords have even weight, have been studied
extensively for their vast applications. Many examples
of these types of codes have good parameters. Classi-
cally, these codes are defined over finite fields. Recently,
there have been great interest in codes over finite rings.
However, these rings are often commutative, and most
of the time, unital [?, ?, ?]. If the ring is noncommuta-
tive and without the unity, the usual notion of duality as
in finite fields and other commutative rings [?, ?] have
to be reconsidered. In particular, left and right duals
need to be defined, as in quasi-self dual (QSD) codes.

In this paper, we introduce the ring S,,(F3), called
the ring of ordered sum over the binary field Fo, defined
as

Sm(FQ) = {(al,ag .. .,am)|a1,a2 ey O S ]FQ}

together with the following binary operations, addition
and multiplication respectively,

(al,...,am)+(b1,...

(al,...,am)'(bl,...,bm): <a12b¢,...,am2bi) .
=1 =1

We call linear codes over this ring simply as .S,,-codes.
We will redefine the notion of duality of .S,,-codes. More-
over, for an 5,,,-code C, we associate binary codes called
residue and ith torsion, for i = 1,2,...,m — 1. We then
study the structure of QSD codes of length n, defined
as self-orthogonal codes of size 23" and Type IV codes,
defined as QSD codes with all codewords of even Ham-
ming weight, in terms of their residue and torsion codes.
The conditions for the existence of these codes will be
given.

,bm):(a1+b1,...,am+bm),

Self-orthogonal codes, Self-dual codes, Quasi self-dual codes, Type IV

2 PRELIMINARIES
2.1 THE RING 5,,(F,)

In this section, we give some basic properties of the
ring S, (Fa).

Theorem 1. Let
Om(F2) = {(a1,a2,...,am) € Sm(F2)| D> a; = 0}.
i=1
Then O,,(F2) is a commutative ideal of Sy, (Fa) and
Sm(F2)/Op (Fa) = Fy.

The ideals of S, (IF3) can be characterized as follows.

Proposition 1. For positive integer m, S,,(F2) has
ideal J; of size 2™ for alli=0,1,...,m and

ngJm—lg"'ngng

where Jp, = {0}, Jm-1 = {0,¢m-1}, J1 = On(F2) and
Jo = S (Fa).

As a consequence of the proof of Proposition 1, we
can write every element of Sy, (F2) in a certain form.

Corollary 1. Let ¢; € J;\ Jip1 fori=0,2,...,m—1
with Jo = Sy (Fs). Then any element of Sy, (F2) can be
written in the form

Boco + Brer + oo+ Bm—1Cm—1,
where B; € Fy.
2.2 CODES OVER &,,(F,)
A (linear) S,,-code of length n is a one-sided S, (F2)-

submodule of S,,(F2)™. Two S,,-codes are permuta-
tion equivalent if there is a permutation of coordinates

97 that maps one to the other.
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The number of nonzero coordinates of a vector x €
Sm(F2)™ is called its (Hamming) weight denoted by
wt(x). The (Hamming) distance d(x,y) between two
vectors X,y € Sy, (F2)™ is defined as d(x,y) = wt(x—y).
The minimum distance of an S,,-code C is

d(C) = min{d(x,y)lx,y €C,x #y}
= min{wt(c) | ceC,c#0}.

We endow S,,, (F2)™ with the usual inner product

n
X-y= Z%yz
i=1

where X = (21,0, @)Y = (U1s-- 1Y) € Sm(F2)".
Let C be an S,,-code. The right dual of C' is the right

module defined as
Ctr ={y € S,u(F)"|Vx € C,x -y = 0},
and the left dual of C' is the left module defined as
CHe ={y € S,u(Fy)" |Vx € C,y - x = 0}.

The two-sided dual of C, denoted by C* is defined
as Ct = C+r N CLL. A code is left self-dual (resp.
right self-dual) if it is equal to its left dual, i.e., - = C
(resp. right dual, i.e., C*® = C). A code C is self-dual
if C = C+ and self-orthogonal if C C C*.

An S, code C of length n is left nice (resp. right
nice) if |C||C*2| = 2™ (resp. |C]|CHr| = 2mm).
Moreover, it is called quasi self-dual (QSD) if it is
self-orthogonal and of size 2"2*. A quasi self-dual code
with all Hamming weights even is called a Type IV
code.

Define the map of reduction modulo Oy, (F3) as the
map « : Sy (Fe) — Fa given by a((a1,az,...,am)) =
2211 a;. This map can be extended naturally to a map
from S,,(F2)™ to F5. For an Sy,-code C, we associate
two binary codes:

1. the residue code defined by res(C) = {a(y) |y €
C}, and

2. the i*" torsion code for i ¢ {1,2,...,m — 1}
defined by

tor;(C) ={x e F5|cx € C},

where cg, ¢, ..., cm_1 are fixed such that ¢y € Sy, (F2) \
Om(IFQ), c; € Om(]Fz), ) 75 0.

Lemma 1. Let C be an S,,-code. Then every codeword
c € C can be written as

C=CoXotC1X1+ ... +Cm—1Xm—1,

where xg € res(C) and x; € F§. Moreover, res(C) C
tor;(C) for 1 <i<m—2.

28

3 SELF-ORTHOGOGNAL AND QSD S,,.-
CODES

We start with a generalized construction of S,,-codes.

Theorem 2. Let B;’s be linear codes over Fo such that
By C B; C Bd- for 0 < i < m — 1, where By is self-
orthogonal binary code of length n, and |B;| = 2™ such
that ro +r1+ ...+ 1rm_1="3*. The code C defined by

C=cyBy+c1Bi+...+cpm_2Bm_2+cm_1Bm_1,

is a quasi self-dual code. Its residue code is res(C) = By
and torsion codes tor;(C) = B;.

Thus, we can write an S,,-code as a direct sum as
follows.

Corollary 2. If C is a linear code over Sy, (Fa), then
C = COBO [S2) ClBl b---D an—le—lv

where By = res(C) and B; = tor;(C) fori=1,2,...
1.

y T —

Note that we can choose the r;’s such that ro <
rioy <r;foralli=1,2,...,m—1.

Corollary 3. If B; are binary codes fori =0,1,...,m—
1 such that By C B; for alli, then there exist an S,,-code
C with residue code By and tor;(C) = B;. Furthermore,
if By is self-orthogonal and B; C By for all i, then C
is self-orthogonal. Moreover, ro+11+ ...+ 7pm_1 = %
where |B;| = 2™ for 0 < i < m — 1 then C is quasi
self-dual code.

The next result characterizes the residue and torsion
codes of self-orthogonal S,,,-codes.

Lemma 2. For all self-orthogonal S, -linear codes C
we have

1. res(C) C res(C)*;
2. tor;(C) C res(C)*;

3. tory,_1(C) = res(C)* if C is QSD and the se-
quence 1o,11,72,...,"m—1 1S an arithmetic pro-
gression.

Corollary 4. Let C' be an S,,-code of length n. Then
C is QSD if and only if tor;(C) C res(C)* for all i and

mn

7’0+...+7”m_1: 5 -

Theorem 3. Let C be an S,,-code of order n such that

C is QSD and m is even. If there exists | € Z such that

the sequence rm ..., T,_1 1S the same sequence as o+
2

Licooyrm g+l andrm_y +rm =n, then tor,1(C) =

res(C)*.

We have an analog of Lemma 2 for QSD S,,,-codes.
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Theorem 4. For all quasi self-dual S,,-linear codes C
we have

1. res(C) C res(C)*;

2. tor,—1(C) C res(C)L (if m = 2, torp,_1(C) =
res(C)*);

3. if C is of type {ko, ..., km—1}, then

mn
mko+ (m— ki 4+ ...+ 2km—o + k-1 = -

Moreover, if m > 3, res(C) is self-dual if and only if C
1s Type IV.

As a consequence, we have the following construction
of Type IV codes.

Corollary 5. If C = cgB+c1B+...4+c¢n—1B, such that
B is binary self-dual code, then C is a Type IV code.

Finally, we end this section with the general notion
of duality of S,,-codes.

Theorem 5. If C is an Sp,-code, then the following
hold.

1. res(C+t) = tor;(C*+r) = res(C)* for all i =
1,2,....m—1

2. res(Ctr) = N tori(C)*
3. tor;(C+R) =TF% foralli=1,2,...,m—1

We illustrate all these results in the following exam-
ple.

Example 1. Let C = ¢y (0 0)4c; (1 1)4co ((1) (1)>

Note that |C| = 2% and res(C) C tor;(C) C res(C)* for
1 =1,2 which means C is quasi self-dual. Observe that

1 0 1 0
ClR:co(O 0)+61<0 1>+62(0 1)

since tori(C)* = (1 1)l = (1 1) and tory(C)* =
il
1 0
(0 1) = (0 0). Thus,

res(C7) = tor, (C) Ntory(C) =

(0 0)

and we have

1 0 1 0 1 0
1l _
cmafy 1) ra s 1)ra (o )

since res(C+%) = tor(C+r) = res(C)* = (0 O)J' =
1 0
(0 1). Therefore,
1 0 1 0
CL = CLRHCJ‘L = Cp (O 0)+Cl (O 1) +CQ (O 1) 5

which means |C| - |C+| = 2% 2% = 27 + 25 and hence,
C is not nice, that is, C is not self-dual.

29

3.1 CONCLUSION

The ring S,,(F2) is a relatively new ring, which may
generalize some known rings. More properties of this
ring needs to be explored, especially its application to
coding theory and other fields. Future work in codes
over this ring includes formulation of more examples for
longer length and larger finite fields or other rings in the
list of [?]. A complete classification of self-orthogonal,
self-dual and QSD S,,-codes for some n will also be valu-
able work in the future. This can be accomplished using
a mass formula, similar to what was done in other rings.
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Abstract

The study compared various approaches to the teaching of science. The evaluation of performance
incorporates teaching and learning concepts. A random selection yielded 82 students of comparable
academic standing. Both the pre-test and post-test groups were given instruction that was activity-
based. The fact that the control group did better than the experimental group. It demonstrates that the
conventional approach is the most effective way to instruct cellular respiration. Hence, the results of
the traditional method were significantly better than those of the heuristic one. It has been shown to
improve student achievement when taught in a conventional manner. Because males performed
better than females, it can be concluded that gender and instructional methods in cellular respiration
have no bearing on one another. The paper suggests that conventional approaches to education
should be utilized in the classroom more frequently. This is especially the case if the method is able
to pique the interest of male students. According to the result of the study, the advantage of heuristics
is not restricted in any way because females perform well on heuristic achievement assessments.

Keywords: conventional method, heuristic method, achievement scores, male, female, cellular respiration

Introduction

The instructional process affords students the chance
to learn new concepts, skills, and procedures. Without
instruction, you will not learn any knowledge. There is
more to teaching than simply transmitting one's
knowledge. It requires educating them on matters they
are incorrectly aware of as well as those they are
unaware of. Education in the sciences involves the
systematic learning of knowledge, with a focus on
quantitative study and empirical underpinnings. For
the progress of innovation in higher education, the
cultivation of inventive talent is crucial. Curriculum,
teaching technique, teaching topic, and evaluation
methods are all included in the term "teaching
system.” Heuristic education promotes creative
thinking and allows students to improve their skills,
which is advantageous for experimental education
Heuristic Teaching Method on Innovative Talents
Cultivation of Electrical Engineering (2013) and (Zhou
2011).

The scientific approach to education is referred to as
heuristics. It accomplishes it in a way that encourages
original ideas in s while maintaining educational
standards. The application of heuristics in the
classroom is advantageous for both students and
instructors. A heuristic education seeks to actively
engage students in educational activities while
simultaneously ~ fostering  subjectivity, optimistic
thinking, problem-solving skills, and a passion for
learning.

It is astounding how attentive the students are during
lectures. Occasionally, heuristics are overlooked and it
may convey the appearance that the students are
uncertain about the answer, do not know the solution,
or would know the answer but did not comprehend the
elicitation. In order for heuristic teaching to have a
refining effect, heuristic training participants must
exert greater effort. Every student is expected to
participate in both pre-learning activities and
classroom participation.

The success of the educational system depends on
teachers. Based on their learning objectives, instructors
of leadership employ active learning strategies. In
addition to imparting knowledge from the textbook,
they manage classroom order. Control, evaluation,
organization, encouragement, participation, serving as
a resource, tutoring, observation, execution, and
assistance are all required of the modern educator.
Teachers must possess a high level of self-control due
to the fact that they assume a variety of roles
throughout education. There are four actions that must
be completed in order to implement the heuristic
technique of instruction.

The study compared several distinct approaches to
science education. The core of the performance
assessment system is teaching and learning
philosophies. There were eighty students with the
same amount of educational experience who were
selected at random. The participants in the treatment
group received standard activity-based training during
both the pre-test and post-test stages of this
investigation. The fact that the performance of the
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treatment group exceeded that of the control group
suggests that the heuristic approach is the most
effective method for teaching cellular respiration.

Research Questions

1. What impact does the heuristic teaching
approach have on students' overall cellular
respiration achievement scores?

2. How do the students’ mean accomplishment
scores for men and women differ as a result of
the heuristic approach to education?

3. What impact does the gender and approach
relationship have on the average student
accomplishment scores?

Methodology

A quasi-experimental research design was used in this
research paper. A Pretest non-equivalent control group
design, specifically. The study was divided into two
parts using a straightforward random sample
methodology. One section was randomly assigned to
the treatment group, and the other was randomly
assigned to the control group. The 25 items multiple-
choice questionnaire was pilot tested on 16 students
who were not research respondents’ with a .80
reliability index. These items were chosen from the
Krebs cycle, electron transport chain, and glycolysis
subtopics. The instrument was put through the face
and content validation using a conventional test
procedure. The Kuder-Richardson method was used to
assess the dependability of the accomplishment

There were two educational programs were used in
this study. The second technique is instructive, while
the first is heuristic-based. The heuristic approach and
the standard package are identical in terms of content,
core educational goals, and evaluation methods. The
researcher did not select treatment and control groups
from the same school to ensure that the pupils in the
two groups did not mix. This was done to lessen the
possibility of a John Henry effect and to avoid
mistakes brought on by interactions and idea-sharing
between research participants from the two groups.

Results

Table 1. Comparing the heristic and conventional
group on post-test score

Std.
Strategy Mean N Deviation
Heuristic 2420 40 2 42
Method T -
Conventional
7 . 9

Method 24.64 42 1.24
Total 24.42 82 1.91

According to table 1, students who received instruction
using the traditional method had a mean score of
24.64, whereas those who received instruction using
the heuristic method had a mean score of 24.20. This
demonstrates that the heuristic strategy does not
support student achievement as effectively as the
traditional method does in fostering students’
achievement.

Table 2. mean accomplishment scores for men and
women differ as a result of the heuristic approach to
education

Gender  Mean N Deiiion

Female 2.00 32 .00
Male 2.00 10 .00
Total 2.00 42 .00

Table 2 shows the male and female students taught in
the heuristic method with cellular respiration concepts
earned a mean score of 2.00 and a standard deviation
of.00. As a result, men and women fared equally well.

Dela Cruz & Paleta
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Table 3. gender and method relationship have on the
average student accomplishment scores

Gender Test Scores  Strategy

Pearson Correlation 1 .103 -.042
Gender Sig. (2-tailed) 355 706

N 82 82 82
Test Pearson Correlation .103 1 116
Scores Sig. (2-tailed) 355 297

82 82 82

Pearson Correlation -.042 116 1
Strategy Sig. (2-tailed) 706 297

N 82 82 82

Although there is a significant correlation between
teaching methods and gender (0.7), there is only a
weak correlation between teaching methods and
student performance on tests (Table 3). (0.29). It
appears from this that there is no connection between
gender, an achievement proven to be extreme, and the
approach that is taken in the classroom.

Table 4. students overall scores on cellular respiration
and their gender and teaching method

Gender  Test Scores Strategy

Pearson Correlation 1 103 -.042
Gender Sig. (2-tailed) 355 706

N 82 82 82
Test Pearson Correlation 103 1 116

Sig. (2-tailed) 355 297
Scores

82 82 82

Pearson Correlation -.042 116 1
Strategy Sig. (2-tailed) 706 297

N 82 82 82

Table 4 displays the link between students' overall
scores on cellular respiration and their gender and
teaching method. The ANCOVA table for hypothesis 1
indicates that the F-cal (1.18), at a significance level of
0.05, is less than the critical value (.27). The decision
rule is to reject the null hypothesis when the calculated
value exceeds the critical value with a predetermined
probability threshold. Given that the estimated value is
less than the essential value, the null hypothesis must
hold. Therefore, the researcher concludes that there is
no statistically significant difference between the
average test results of students who learnt about
cellular respiration using the heuristic method and
those who learned about it using the conventional way.

Table 4 displays that the two-way interaction F-value
is 1234.77, while the critical value for hypothesis 3 at
the 95% confidence level is.00. Based on the decision
rule, the researcher maintains the null hypothesis and
concludes that there is a substantial difference and
significant interaction between gender and teaching

style in terms of how effectively students learn about
cellular respiration.

Table 5. gender relationship with students' average
success scores

Type IIT Sum Mean

Source of Squares Square £ Sig.

Hypothesis 3048.74 1 3048.74 608.15 00
Ttercept por 76.35 1523 5013

Strategy Hypothesis 1.18 1 1.18 52 47
Error 158.15 70 2.259¢

Gender Hypothesis 4.59 1 i 4.59 1.67 28
Error 8.40 3.05 2.75¢

Pretest Hypothesis 85.89 7 12.27 441 13
Error 7.78 2.80 2.77¢

Gender * Hypothesis 5.80 2 2.90 1.28 28
pretest Error 158.15 70 2.258

Table 5 demonstrates that the value of F-cal (1.67),
which was calculated using an alpha level of 0.05, is
more than the critical value. The estimated number is
greater than the critical value at the alpha level that
was specified, which means that the null hypothesis is
invalid. As a consequence of this, the researcher
concludes that the null hypothesis should not be
accepted and draws the conclusion that the mean
achievement scores of male and female students who
were taught cellular respiration using the heuristic
method are statistically significantly different from one
another.

Discussion

The results of this study indicated that students who
were taught cellular respiration using the conventional
way did better than those who were taught using the
heuristic method. The conventional group's
achievement results were attributable to the conceived
science being clear and the concepts being connected.
Thus, the results of this study contrasted those of
Abonyi and Umeh (2014), who found that the heuristic
approach is superior to the conventional way and that
there is no interaction between genders and linear
algebra student achievement. Not all new innovations
in teaching and learning increase and attract student
learning, inspire, minimize the abstract nature of the
subject, and facilitate recollection of taught material,
according to the findings of this study.

Using the heuristic method, there was no statistically
significant difference between the mean achievement
scores of male and female students. The study's
heuristic results indicated that there is a substantial
relationship between the method and gender in terms
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of male and female performance in cellular respiration
learning. The conventional way indicates that
promoting high success in boys is effective. The
conventional method generally assumes that different
learners with different characteristics learned in the
direct teaching-learning process and that the
instructional method maximizes the learning outcomes
of an instructional method for males since the heuristic
method could be effective for a group of male
students.

Conclusion

The results of an examination examining the influence
that using a heuristic approach has on the level of
performance achieved by students studying cellular
respiration. The findings demonstrated that the
traditional approach was more successful than the
heuristic one. As a result, it encourages student
achievement. As a consequence of this, males
performed much better than females when the standard
method was utilized, and there is no evidence to
suggest that there is a substantial link between
teaching strategy and gender in cellular respiration.

According to the findings of the study, the traditional
method of teaching should be utilized more frequently
in the classroom. This is particularly the case if the
method can attract, excite, and hold the attention of
male pupils. As a result of the research, it was
determined that the application of heuristics was not
restricted because females learned and did well on
heuristic accomplishment assessments.
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Abstract. A perfect Roman dominating function on a graph G = (V(G), E(G)) is a function
f:V(G) = {0,1,2} for which each u € V(G) with f(u) = 0 is adjacent to exactly one vertex
v € V(G) with f(v) = 2. The weight of a perfect Roman dominating function f is the value
wa(f) = Xvev(e) f(v). The perfect Roman domination number of G is the minimum weight of a
perfect Roman dominating function on G. In this paper, we study the perfect Roman domination
numbers of graphs under some binary operations.
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1. Introduction

Throughout this paper, all graphs considered are finite, simple and undirected. Let
G = (V(G), E(G) be a graph. The sets V(G) and E(G) are the vertex set and edge set,
respectively, of G. For S C V(G), |S| is the cardinality of S. In particular, |V (G)| is
called the order of G. For notation and terminology not given here, see [5].

Vertices u and v of G are neighbors if uv € E(G). The open neighborhood of v refers
to the set Ng(v) consisting of all neighbors of v. The closed neighborhood of v is the set
N¢g[v] = Ng(v) U{v}. The degree of v, denoted degg(v), refers to the value |Ng(v)|, and
we define A(G) = max{degg(v) : v € V(G)}. Vertex v is an endvertex if degg(v) = 1, and
End(G) is the set of all endvertices of G. Vertex v is an isolated vertex if dege(v) = 0. We
denote by I'so(G) the set of all isolated vertices of G. For S C V(G), Ng(S) = UyesNa(v),
and Ng[S] = S U Ng(S).
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Let G and H be graphs with disjoint vertex sets. The disjoint union of G and H is the
graph GUH with V(GUH) = V(G)UV(H) and E(GUH) = E(G)UE(H). The join of G
and H is the graph G+ H with vertex set V(G)UV (H) and edge set E(G)UE(H)U{uv :
u € V(G),v e V(H)}. The corona of G and H is the graph G o H obtained by taking one
copy of G and |V (G)| copies of H, and then joining the i‘" vertex of G to every vertex in
the i*" copy of H. The edge corona of G and H is the graph G o H obtained by taking
one copy of G and |E(G)| copies of H and joining each of the end vertices u and v of
each edge uv of G to every vertex of the copy H" of H. The composition G[H] of G
and H is the graph with V(G[H]) = V(G) x V(H) and (u,v)(v/,v") € E(G[H]) if and
only if either uu’ € E(G) or uw =« and vv' € E(H). The complementary prism, denoted
GG, is the graph formed from the disjoint union of G' and its complement G by adding
a perfect matching between corresponding vertices of G and G. For the complementary
prism, V(GG) = V(G)UV(G) and E(GG) = E(G) U E(G)U{vv : v € V(G)}, where 7 is
the vertex in G corresponding to v € V(@) in the perfect matching.

A subset S C V(G) is a dominating set of G if Ng[S] = V(G). The minimum
cardinality of a dominating set is the domination number of G, denoted by ~(G). For
more details and results on domination number, we refer to [4, 9-11, 13]. In particular,
if v(G) = 1 and Ng[v] = V(G), then v is said to be a dominating vertex of G. In this
case, Dom(G) denotes the set of all dominating vertices of G. Any dominating set of G
of cardinality v(G) is called vy-set of G.

A dominating set S of G is a perfect dominating set if for every v € V(G) \ S, there
exists exactly one u € S for which uv € E(G) [16]. The minimum cardinality of a perfect
dominating set is the perfect domination number of G, which is denoted by v*'(G). Since
perfect dominating sets are dominating sets, v(G) < v¥'(G) for any graph G.

A Roman dominating function on G is a function f : V(G) — {0, 1,2} satisfying the
condition that for each u € V(G) for which f(u) = 0, there exists v € V(G) such that
f(v) =2 and w € E(G). The weight of f is the value wg(f) = X ev(q) f(v). The
Roman domination number of G, denoted by yr(G), is the minimum weight of a function
f on G. We refer to [2, 3, 7, 8, 12, 17, 18] for the history, introduction, importance and
for some of the recent developments of the study of Roman domination in graphs.

Customarily, we write f = (Vp, V3, V3) for a Roman dominating function f on G, where
Vi = {v e V(G) : f(v) = k}. With this convention, wg(f) = |[Vi| + 2|V2| and V3 U V3 is a
dominating set of G. In [8], it is known that for any graph G, v(G) < vr(G) < 27(G).

A perfect Roman dominating function (or PRD-function) on G is a Roman domination
function f = (Vy, V1, V2) on G such that for each u € V| there exists exactly one v € V5
for which uv € E(G). In other words, a PRD-function on G is a colouring of the vertices
of GG using colours 0, 1 and 2 such that each vertex coloured 0 is adjacent to exactly one
vertex coloured 2. The perfect Roman domination number of G, denoted by ’yg (G), is the
minimum weight of a PRD-function on G. A PRD-function f with wg(f) = v5(G) is
called vg-function of G.

The perfect Roman domination, a variation of the Roman domination, was introduced
and first investigated in 2018 by Henning et al. [15], particularly in trees. It is further
studied in [14] for regular graphs. More recent studies on the concept include [1, 19, 20).
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In this present paper, we continue the study of perfect Roman domination, specifically
on the join, corona, complementary prism, edge corona and composition of graphs.
The following bounds are established in the referred articles above.

Theorem 1.1. (i)[15] If T is a tree of order n > 3, then vE(T) < %n;

(ii) [14] If G is a k-regular graph of order n with k > 4, then v5(G) < (k’f:?,’jifl) n;

(i4i) [19] If G is a graph of order n, then YE(G) <n+1— A(G).

(iv) [19] For paths P, and cycles Cy, on n > 3 vertices, v (Py) = 7R (Crn) = [2].

For convenience, we adapt the symbol PRD(G) to denote the set of all perfect Roman
dominating functions on the graph G.

2. Results

The following proposition plays an important role in proving the desired results.

Proposition 2.1. If f = (Vp,V1,V3) is a Vg—function of G, then |Ng(v) N Va| # 1 for
each v € V.

Proof: Suppose that there exists v € V; for which |[Ng(v)NVa| = 1. Consider, in particular,
the function f* = (Vj, V¥, V5) given by f*(v) = 0 and f*(x) = f(z) for all z # v. We have
f* € PRD(G) with V§ = Vou{v}, Vi* = V1 \{v} and V5" = Va. Thus, wa(f*) = v5(G) -1,
a contradiction. |

Proposition 2.2. For a nontrivial connected graph G of order n,
max{2,7(@)} <£(G) < minf{n +1 - A(G),297(@)}.

Proof: Since a perfect Roman domination is a Roman domination, v(G) < v£(G). Let
f= Vo, V1,V2) be a vg—function of G. If Vj = &, then 'yg(G) =n > 2. On the other
hand, if Vo # @, then Va # @ so that 75 (G) > 2|Va| > 2.

By Theorem 1.1(iii), v5(G) < n+ 1 — A(G). Now, let S C V(G) be a yF-set of G.
Then f = (Vp, V1, V2) € PRD(G), where Vo = V(G) \ S, Vi = @ and Vo = S. Therefore,
1 (G) <218 = 297(G). _

Observe that vE(Cy) =4 =k +1 - A(Ck) < 297 (Cy) for k =5 and 75 (Cs,,) = 2n =
2vF(C3,) < (3n41) — A(C3y,) for all n > 2. Therefore, the upper bound of the inequality
in Proposition 2.2 is sharp and may be determined by exactly one of n + 1 — A(G) and
2vF(G). The inequality, however, can also be strict. To see this, note that ’yg (C7)=5<

min{(7 + 1) — A(C7),2v7(C7)}.
Corollary 2.3. Let G be a connected graph of order n > 2. Then
(i) [19] vE(G) = 2 if and only if v(G) = 1.
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(ii) vE(G) =n if and only if n = 2.
(i3i) [19] vE(G) = 3 if and only if A(G) =n — 2.

(iv) If G is the complete multipartite graph Ky, y, . ., where 2 <1 <1 < ... < 1y,
then
min{r; + 1,4}, if m =2;
TR(G) = .
r+ 1, if m > 3.

Proof: Clearly, if 7(G) = 1, then 7 (G) = 1 and the inequalities in Proposition 2.2 imply
that ’yg(G) = 2. Now, suppose that ’yﬁ(G) =2, and let f = (Vp, V1, V2) be a 'yg—function
of G. If Vo = @, then V(G) = V; and v5(G) = n = 2. Since G is connected, G = P, and
v(G) = 1. If V5 # @, then Vi = @ and Vo = {v} with Ng[v] = V(G). This means that
v(G) = 1. This proves (7).

If n = 2, then G = P and v£(G) = 2 = n. Conversely, suppose that n > 3. Pick
v € V(G) such that degg(v) = A(G) > 2. Define on G

2, if x =w;
flz) =40, ifz € Ng(v);

1, else.

Then f € PRD(G) and w(f) = n— (A(G) — 1) < n, a contradiction. Thus, if v£(G) = n,
then n = 2. We have proved (i).

If A(G) = n — 2, then Proposition 2.2 implies that 2 < v£(G) < 3. Since v(G) > 2,
vE(G) = 3 by (i). Conversely, suppose that vE(G) = 3. By (i), v(G) > 2 so that
A(G) < n—2, and by (ii), n > 4. Let f = (Vo,V4,V2) be a yh-function on G. If
Vo = @, then V; = V(G) and 75 (G) = n > 4, a contradiction. Thus, |Va| = |V;| = 1, say
Vi = {u} and V5 = {v}. This means that V(G)\ {u,v} C V). Further, by Proposition 2.1,
wv ¢ E(G). Accordingly, degg(v) = n — 2. Therefore, A(G) > n — 2. This proves (ii7).

Suppose that G is the complete multipartite graph described in (iv). Then A(G) =
n —r1. Suppose first that m = 2. Then v(G) = v7(G) = 2. By Proposition 2.2,
vE(G) < min{ry +1,4}. Also, by (i), v£(G) > 3. If r1 = 2, then 75 (G) =3 =r1 +1. On
the other hand, if r1 > 3, then v5(G) = 4 > ry + 1. Now, assume that m > 3. By (i),
vE(G) < n. Let f = (Vy,V4,V2) be a vE-function on G. Then [V = 1, say Vo = {v}.
Since f is a 'yg—function, v € U, where U is the partite set of G with |U| = r;. More
precisely, f(v) =2, f(x) =1forall z € U\ {v} and f(z) =0 for all x € V(G) \ U. Thus,
vE(G) = we(f) = r1 + 1. This proves (iv). |

Proposition 2.4. [19] Let Gi, Ga, ..., Gy be the components of G. Then 'yg(G) =

Proposition 2.4 and Corollary 2.3(i7) yield the following corollary.
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Corollary 2.5. Let G be a graph of order n. Then ’yg(G) =nif and only if G = U§:1Gj;
where Gj € {K1, K>} forall j =1,2,... k.

Corollary 2.6. Let G be a graph of order n. Then v(G) = ’yf{(G) if and only if G = K,,.

Proof: If G = K,,, then v(G) = n and by Corollary 2.5, 'yE(G) = n. Conversely, suppose
that v(G) = vE(G), and let f = (Vp, V4, Va) be a vE-function of G. Note that if Vo # @,
then v(G) < [Vi| + [Va| < v5(G), a contradiction. Thus, Va = Vp = @ and v£(G) = n.
This means that v(G) = n and, thus, G = K,,. [ |

2.1. On the join of graphs
By Corollary 2.3(i), 75 (G + K,,) = 2 for all graphs G and for all n > 1.

The following theorem characterizes all PRD-functions on the join of nontrivial con-

nected graphs.

Theorem 2.7. Let G and H be any nontrivial connected graphs and f = (Vp, V1, Va).
Then f € PRD(G + H) if and only if one of the following holds:

(i) Vo CV(G) and one of the following holds:

(@) Vo CV(G), V(H) C Vi and (Vo, Vi NV(G),V3) € PRD(G);
(b) VonV(H) # @ and Vo = {v} for which Vo NV (G) C Ng(v).

(1i) Vo CV(H) and one of the following holds:

(a) Vo CV(H), V(G) C Vi and (Vp,ViNV(H),Vz) € PRD(H);
(b) VoNV(G) # @ and Vo = {v} for which Vo NV (H) C Ng(v).

(tit) Ay =VanNV(G) # @ and Ay = Vo NV (H) # & and the following holds:

(a) If VoNV(G) # @, then |As] =1 and (Vo NV (G)) N Ng(41) = 9;
(b) If VoNV(H) # @, then |A1| =1 and (Vo NV (H)) N N (Ag) = .

Proof: Assume that f is a perfect Roman dominating function on G + H. We consider
three cases:

Case 1: Suppose that Vo C V(G). If Vy C V(G), then V(H) C V; and the restriction
flviey = Vo,VinV(G),Vz) of f on G is a perfect dominating function on G. Suppose
that Vo N V(H) # @. Then, |Vo| =1, say Va = {v}. Necessarily, Vo N V(G) C Ng(v).

Case 2: Similarly, if Vo C V(H), then either (i7)(a) or (ii)(b) holds.

Case 3: Assume that V5 intersects both V(G) and V(H), and A = Vo N V(G) and
Ag = VoNV (H). Suppose that VoNV(G) # &, and let v € VyNV (G). Since Ay C Ng1p(v),
|A2| =1 and v ¢ Ng(A;). Since v is arbitrary, (iii)(a) holds. Similarly, (iii)(b) holds.
Conversely, suppose that (i)(a) holds for f, and let w € Vj. Then w € V(G) and there
exists a unique u € V3 for which uw € E(G). Since V(H) C Vi, u is unique in V(G+H) for
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which vw € F(G + H). This means that f € PRD(G + H). Suppose that (7)(b) holds for
f, and let w € V. Whether w € V(G) or w € V(H), v is a unique element in V5 for which
wv € E(G+ H). Thus, f € PRD(G + H). Similarly, if (i) holds, the same conclusion
is attained for f. Suppose now that (ii7) holds for f. Let v € V. If v € V(G), then by
condition (a), As = {u} for some u € V(H) and Ngypg(v) = {u}. Similarly, if v € V(H),
then A; = {u} for some u € V(G) and Ng4pm(v) = {u}. Accordingly, f € PRD(G + H).
|

We now use Theorem 2.7 to prove the following result which is also provided in [19].

Corollary 2.8. [19] Let Gand H be nontrivial connected graphs of orders m and n, re-
spectively. Then

YE(G+ H) = min{4+6(G) +06(H),m+1— A(G),n+1— A(H)}.
Proof: Let « = min{4+ §(G) + 6(H),m+1—A(G),n+1— A(H)}. Let v € V(G) for
which degg(v) = A(G). Define f = (Vp,V1,V2) on G + H by
2, if x =
flx)=4 0, ifxeV(H)UNg(v);
1, else.

Since f satisfies condition (¢)(b) of Proposition 2.7, f = (Vp, V1,Va) € PRD(G + H) with
Vo = {v} and V; = V(G) \ Ng[v]. Thus,

Yr(G+H) Swen(f) = [V(G)\ Nel]| +2
= m+1-A(G).
Similarly, £ (G + H) <n+1— A(H).
Now, pick u € V(G) and v € V(H) such that degg(u) = §(G) and degy(v) = 6(H),
and define f = (Vp, V1, V2) on G + H by
2, ifx=wu,uv;
f(x) =19 1, ifz € Ng(u)U Ng(v);
0, else.
Since f satisfies Proposition 2.7 (iii), f € PRD(G + H). Since V5 = {u,v} and V; =
Ne(u) U N (v),
V(G +H) Sween(f) = |Ng(u)UNpg(v)| +4
= 446(G)+0(H).
All of the above show that 75 (G + H) < a.

Now, let f = (Vo,V1,Va) be a vE-function of G + H. By Corollary 2.3(ii), since
m+n >4, Vo # @. Assume A; = Vo NV(G) # &. We consider two cases:



L. Paleta, F. Jamil / Eur. J. Pure Appl. Math, 13 (3) (2020), 529-548 535

Case 1: Suppose that Ay = Vo NV (H) = @. If Proposition 2.7(i)(a) holds for f, then
werr(f) >n+E@)>n>n+1-A(H) > o

On the other hand, if Proposition 2.7(7)(b) holds for f, then

)

wa+H(f) 2 2+ [V(G) \ Ng[v]] 2m+1—-A(G) = o

Case 2: Suppose that Ay = Vo NV (H) # @. If |Ai| > 2 and |As| > 2, then Vj = &
and v£ (G + H) > m + n, which is impossible. Assume that [4;] = 1. We consider two
subcases. First, suppose that [A;]| > 2. Then VoNV(H) = @, and since f is a vE-function
of G+ H, V(G) \ Ng[A1] C Vi (by Proposition 2.1) and Ng(A;1) \ A1 € Vi. This means
that [V4| > |[V(H) \ Vo| 4+ |Ng(A71) \ A1| so that

wera(f) = —1)+ |Ng(A1) \ A1| +2|Va| >n+5>n+1—- A(H).

Finally, suppose that |A;| = 1. Let Ay = {u} and As = {v} for some u € V(G) and
v € V(H). By Proposition 2.1, f(z) =0 for all z € V(G + H) \ (Ng[u] U Ng[v]). Thus,

wa+n (f) = 2|A1 U Az| + [Ng(u) U Np(v)] 244 6(G) +0(H) = a.
All cases above imply that v5 (G + H) > a. [ |
In particular, if m > n, then

n—1, if n <6;
6, ifn>7.

n—1, ifn<7T;

and 'yE(Cm+Pn)—{7 > g

'Yg(Pm + Py) = {
2.2. On the corona of graphs

Let G and H be connected graphs. Adapting the notation used in [6], for each v €
V(G), HY denotes that copy of H which is joined with v in G o H. In case H = {z}, we
write V/(H") = {z"}. Then V(G + H) = Uyey(e)V (H" +v), where H® +v = H" + (v).

It is worth noting that K1 o H = H + K, for any graph H.

Theorem 2.9. For nontrivial connected graphs G of order n,
V(G o K1) = min{wg (f) +n — [Va| : f = (Vo, V1, V) € PRD(G)}.
In particular, 'yg(Kn oKj)=n+1.
Proof: Write H = {z}, and put o = min{wg(f) +n — |Va| : f = (Vp,V1,V2) € PRD(G)}.
Let f = (Vo, Vi, V2) € PRD(G). Define f* = (Vi V;*, Vi) on G o K1 by
f(z), if 2 € V(G);
ff(z)=1¢ 1, if z = " for some v € Vy U Vy;

0, if z = z¥ for some v € V5.
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Then f* € PRD(Go Kp) with Vi =V U{z" :v e Vo, Vif =V U{a" :v e UV} and
V5" = Va. Moreover,
waor, (f*) = wa(f) +n—[Va.
Thus, 75 (G o K3) < a.
Let f = (Vo,V1,V2) be a 'y]];—function on G o Kq, and let A denote the set of all

u € Vo NV(G) for which uv ¢ E(G) for all v € Vo N V(G). Then for each u € A,
Vo N Negok, (u) = {z*}. Define f* = (V§, V{*,V5) on G o K by

f(z), ifzeV(G)\ 4

ff(z) =< 1, ifze AU{z":ue (VpUW)NV(G)};

0, ifze{a": veVanV(G)}.
Then f* € PRD(G o K;) with Vi = (Vb NV(G))\A) U{z" : v € VanNV(GQ)}, Vi =
AuWMnV@)u{z" :u e (VhuV)NV(G)} and V5 = VonV(G). Observe that
flw)+ f(@*) =2 = f*(u)+ f*(z*) for each u € A, and f(u) + f(z") > f*(u)+ f*(z*) for
each u € V(G) \ A. Thus,

weora () = Y (f@+f@ )+ Y (flu)+ fa")

ueA veV(G)\A

> Y (W E)D+ D () + =)
u€A ueV(G)\A

= wGOK1(f*)‘

Since f is a yE-function, wgok, (f) = waor, (f*). Moreover, for each u € Vi N V(G),
u € (VoNV(G))\ A so that there exists a unique v € VaNV(G) = V5 such that uv € E(G).
This means that the restriction f*|g of f* to G is a perfect Roman dominating function
on G. Thus,

TR(G o K1) =wgor, () = wa(fla)+ Y (")
veV(Q)
= we(f*le) +1(VouW) NV (G)|
= we(f*le) +n— [V NV(G)|
> Q.

It follows from Theorem 2.9 that for all connected graphs G of order n > 2,
VR(G o K1) <AR(G) +n— A,

where A = max{|Va| : (Vp, V4, V2) is a vE-function on G}, and this bound is sharp. Verify
that equality is attained if G is a cycle C,, (n > 3), a path P,, (n > 2), or any graph with
(@) =1,

Our desired result for more general graphs G and H will follow from the following
characterization.
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Theorem 2.10. Let G and H be nontrivial graphs with G connected, and f = (Vp, V1, Va).
Then f € PRD(G o H) if and only if the following holds:

(1) For allv e Vo NV(QG) either

(a) VaNNg(v) = @ and VoNV(HY) = {u} with u satisfying VoNV (H") C Ngv(u);
or

(b) [VanN Ng(v)| =1 and V(H") C Vi;

(1) For allv € ViNV(G), the restriction f|gv of f to HY is a perfect Roman dominating
function on HY;

(791) For allv € Vo NV(G) for which Vo NV (H") # @, Vo N Ny (Vo NV (HY)) = @.

Proof: Assume that f € PRD(G o H). Let v € VN V(G). Then there exists a unique
u € Vi for which u € Ngop(v) = V(HY)UNg(v). If VaNNg(v) = @, then VonV (HY) = {u}
and Vo NV (HY) C Ngv(u). Suppose that Vo N Ng(v) # @. Then [Va N Ng(v)| = 1 and
VoNV(HY) = @. Moreover, if w € VyNV (H"), then there exists a unique z € Vo NV (H")
such that wz € E(H"). Since vz € E(G o H), this is impossible. Thus, V(H") C V4. This
proves (7). Next, let v € Vi N V(G), and let w € Vo NV (H"). Since f is a perfect Roman
dominating function, there exists unique u € V4 for which uw € E(G o H). Since v € V7,
ue VonNV(HY)and uw € E(H"). Thus, f|gv is a perfect Roman dominating function on
H", and (7i) holds. Statement (7i7) is clear.

Conversely, suppose that conditions (i), (i) and (4i7) hold for f, and let w € V. Then
w € V(H"+v) for some v € V(G). If w = v, then by condition (i), VoaN(V(H"Y) U Ng(w)) =
{u} for some u € V(G o H). This means that Vo N Ngog(w) = {u}. Suppose that
w € V(H"). We consider three cases:

Case 1: Suppose that v € V. Since w € Vo N V(H"), V(H") ¢ Vi. Thus, by condition
() there exists u € V(H") for which Va NV (H") = {u} and Vo NV (H"Y) C Ngv(u). This
means that Vo N Ngom(w) = {u}.

Case 2: Suppose that v € Vj. By condition (ii), there exists a unique v € Vo NV (H")
such that ww € F(H"Y) C E(G o H). This implies that Vo N Ngog(w) = {u}.

Case 3: Suppose that v € Vi, Since w € Vp N V(HY), condition (i7i) implies that
w ¢ Ngo(VoNV(HY). Thus, Vo N Ngopr(w) = {v}.

Therefore, f is a perfect Roman dominating function on V(G o H). |

Corollary 2.11. Let G and H be nontrivial graphs with G connected of order n. Then
vE(Go H) = 2n.

Proof: By Theorem 2.7, the function f = (Vp, V1, V) defined by f(x) = 2 for allv € V(G),
and f(z) = 0 else, is a perfect Roman dominating function on GoH. Thus, vL(GoH) < 2n.

Now, let f = (Vp, V1, V2) be a yE-function on V(G o H). Let v € V(G). Clearly,
if veVy, then 3 cy(goiy) f(x) = 2. If v € Vg, then by Proposition 2.10(i) and since
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[V(H"| > 2, Eg;gv (Hv+0) f(z) > 2. Finally, if v € Vi, then by Proposition 2.10(i7),
D zeV (HY+v) f( ) > 2. Therefore,

V(G o H) =weonr(f) = Y Y f@) | =2

veV(G) \zeV(HV+v)

2.3. On the complementary prisms

Let f = (Vo,V1,V2) € PRD(GG). Suppose that for the restriction f|z ¢ PRD(G).
Then there exists v € V(G) such that 7 € Vy and Vo N N5(0) = {v}. Let u € Vo NV(G).
There exists w € V(GG) such that Vo N Nyz(u) = {w}. If w = %, then ww ¢ E(G, and
consequently, uv € F(G), a contradiction. Thus, w € VoNV(G). This proves the following
lemma.

Lemma 2.12. Let G be any graph. If f € PRD(GG), then f|lc € PRD(G) or flg €
PRD(G).

Proposition 2.13. Let G be a graph of order n. Then

(i) 7(GG) <R (GG);
(ii) vE(GG) =2 if and only if n = 1;
(i) 75 (GG) = 3 if and only if G € {Ka, Ko}
(iv) If v(G) = 1, then vE(GG) < n + 1 and equality is attained if dege(v) < 3 for all

v ¢ Dom(G) or G is the disjoint union of K; € {K1,Ks}.
Proof: Since GG is connected, (i) follows from Corollary 2.6.

If n =1, then GG = K3 and Vg(Gé) = 2. Suppose that 'yg(Gé) =2, and let f be a
vE-function of GG. By Lemma 2.12, we may assume that f|¢ € PRD(G). Ifwg(f|c) = 1,
then n = 1. If wg(f|g) = 2, then G = {v} with f(v) = f|g(v) =2 and f(v) =

If G € {Ks, Ks}, then GG is isomorphic to Py. Thus, vE(GG) = 3. Conversely,
suppose that v5(GG) = 3. By Proposition 2.3(iii), A(GG) = 2n — 2. Let v € V(GG) be
such that deggz(v) = 2n — 2. Without loss of generality, assume that v € V(G). Since
Nga(v) NV (G) = {1}, dega(v) = 2n — 3 < n — 1. Necessarily, n < 2. By (ii), n = 2 and
G K.

If v(G) = 1, then by Proposition 2.2, 75 (GG) < n+1. First, suppose that dege(v) < 3
for all v ¢ Dom(G). Let f = (Vp, V1, Va) be a vh-function of GG. Since wz(f) <n+1,
Vo # @. We consider two cases:
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Case 1: Suppose that Vo NV(G) = @. If V(G) C Vi, then V(G) € Vj so that woz(f) >
n + 1. Suppose that V(G) NV # @. Then

wes(f) = D f@+ D (fw)+ f(w))
weVonNV(Q) weViNV(Q)
> n+1.

Case 2: Assume that Vo NV(G) # @. We consider two subcases:

Subcase 2.1: Suppose that V5 contains a dominating vertex v of G. Since f is a
vE-function, Ng(v) U {v} C V). Let w € V(G) \ {v}. Suppose that w € V. There exists
u € V(G) such that Ng(w) N Va = {u}. Since wv ¢ E(G), u # v. Thus, u € V; and
v,U € Nggz(u) N Va, a contradiction. This means that f(w) > 1. Therefore, w.z(f) =

Subcase 2.2: Suppose that Vo N Dom(G) = &. Choos v € Dom(G). Put A = {w €
V(G) : f(w) = f(w) =0}. If A= g, then f(w)+ f(w) > 1 for all w € V(G) and since
VaNV(G) # @, we have wim(f) > n+ 1. Suppose that A # @. Here, we work on two
subcases:

Subcase 2.2.1: Suppose that v € Vy. If f(v) = 2, then V(G) N Vo = & and so
f(@) = 2 for each v € Vo N V(G). This implies that w,z(f) > n + 1. Suppose that
f(@) = 1. Then there exists u € V(G) such that Vo N V(G) = {u}. Moreover, for
each w € A, wu € E(G). Since degg(u) < 3 and uwv € E(G), |A| < 2. Suppose that
A = {w}. There exists a € V(G) such that v # a and Ng(w) N Vo = {a}. Since
a = (f(u) + f@) + (f(w) + f@)) + (f(a) + f(@)) = 4,

vegH=a+ Y (f@)+f@)24+(n-4)+1=n+1
zeV(G)\{u,w,a}

Now, suppose that A = {w, z}. There exist a,b € V(G) such that a,b € Vo, wa,zb € E(G)
and @,b € Ng(@). Thus, f(u) = f(a) = f(b) = 1 and whether a = b or a # b,

a=(f(u)+ f(@) + (f(w) + f@)) + (f(2) + f(2) + (f(a) + f(@)) + (£(b) + (b)) = 6.

Thus,

wea(f) = a+ > (f(x) + f(@) 26+ (n—6)+1=n+1.
zeV (G)\{u,w,z,a,b}

Subcase 2.2.2: Suppose that v,7 € V4. For each w € A, there exist distinct vertices
u,z € V(G) such that u,z € Vo, uw € E(G) and wz € E(G). Again, for each u €
Vo N V(G), since degg(u) < 3, there can only be at most two vertices a,b € A for which
ua,ub € E(G). Using similar arguments, if A < 2, then w.z(f) > n+ 1. To proceed,

we only have to consider the case where 3 < |A| < 4. Other cases follow inductively.
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Suppose that A = {x,y,w}. The only nontrivial scenario is the following: There exist
a,c € VoNV(G) and b € V(G) such that b € V3, ac ¢ E(G), we € E(G), {z,y} C Ng(a),
and {Z,7,w} C Ng(b). Since ab € E(G), f(a) = 1. Thus,

vee(f) = Y, (F+f@)+ > (f (u) + £ (@))
ue{a,z,y,b,w,c} weV(G)\{a,b,c,x,y,w}
> 7+ (n — 7) + 2
> n+1.

Finally, suppose that A = {z,y, z, w}. It is enough to consider only the following nontrivial
case: There exist a,c € Vo NV(G) and b € V(G) such that b € V3, ac ¢ E(G), {z,y} C
Ne(a), {w, 2z} € Ng(c), and {z,7,z,w} C Ng(b). Since ab,eb € E(G), f(a) = f(¢) = 1.
Hence,

woa(f) = Y. @)+ > (f (u) + f (@)
ue{a,b,c,x,y,w,z} ueV(G)\{ab,c,z,y,w,z}
> 8+ (n — 8) +2
> n+ 1.

All of the above cases show that 75 (G) = wea(f) > n+ 1.

Next, suppose that G is the union of K; € {Kj, K>}, and let f = (Vp, V1, V2) be a
’yg—function of GG. As shown previously, we may assume that Vo NV (G) # @, and if V3
contains a dominating vertex of G, then w.=(f) > n + 1. Henceforth, we assume that

VoNDom(G) = @. Pick v € Dom(G). Then v € Iso(G). Note that for all T € Iso(G), x ¢
A={weV(G): f(w) = f(w) = 0} so that (f(x) + f(z)) = 1. Also, for all z,y € V(G)

for which 7y € E(G), if x € A, then § € V5 and so (f(z)+ f(Z)) + (f(y) + f(¥)) > 2.
Thus, if v € Vp and u € V(G) such that Vo NV (G) = {u}, then

wea(f) = (fw+f@)+ D (fl@)+f@)+

z€lso(G)

> @+ @)+ () + @)

On the other hand, if v € V4, then f(v) =1 and

veg(f) = (PO +f@)+ > (f@)+f@)+

z€ls0(G)\{v}

Zf (f(@) + F@) + (f(v) + @)

TYEE(G)
> n+1.

Therefore, 75 (GG) > n + 1. |



L. Paleta, F. Jamil / Eur. J. Pure Appl. Math, 13 (3) (2020), 529-548 541

As shown by the graph G in Figure 1, strict inequality may be attained in Proposition
2.13(iv) if we remove the condition that degg(v) < 3 for all nondominating vertices v of
G. For such G, vE(GG) =6 < |V(G)| + 1.

G: GG
Figure 1: Graph G with y(G) = 1 and v5(GG) < |V(G)| + 1

Pick G = K,,. By Proposition 2.13(iv) and Corollary 2.5,
75 (GG) = 1+ max{y(G), 7 (G)}.

Observe also that if v € V(G), then f = (V(G) \ {v},2,{v}) € PRD(G) and v£(GG) =
wa(f) +n — |Va|. The following result shows that these two expressions serve as sharp
lower and upper bounds, respectively, of 'yg (GG) for a general graph G.

Theorem 2.14. For any graph G,
1+ max{74(G), 7% (@)} < 1:(GG) < p,
where p = min{wg(f) +n — [Vo| : f = (Vo, V1, V2) € PRD(G) U PRD(G)}.

Proof: WLOG assume that for some f = (Vp, V1, V2) on G, p = we(f) + n — |Va|. Extend
f to GG by defining f(@) = 0 for all v € V3 and f(v) = 1 for all v € V(G) \ Va. Then the
extension f € PRD(GG) and vE(GG) < wg(f) +n — |Va|. Thus, v5(GG) < p.

In view of Proposition 2.13(iv), we assume that neither G nor G is a complete graph.
WLOG, assume that v5(G) > 7E(G). Let f = (Vo, V4, V2) be a yh-function on GG. If
V(G) C Vp, then Vo = V(G) so that vE(GG) = 2|V3| = |[V(GG)|. Since GG is connected,
n = 1 by Corollary 2.5 and Corollary 2.3(i7). This is contradictory to our assumption.

Thus, V(G) N (ViUWe) # @. If VaNV(G) = @, then g = (Vo NV(G),ViNV(G), Vz) €

PRD(G). Since V(G)N'V} # &,
TR(GG) = wig(f) > welg) +1 > 15(G) + 1.

Suppose that Vo N V(G) # @, and let A = {v € Vj : Va N Nyg(v) = {v}}. Define
9=V, V", V') on G by

o(z) = { f(x), ifzeV(QG)\ A4,

1 if x € A.

)
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Then g € PRD(G) with Vg = (Vo \ A)NV(G), Vi = AU(V1 N V(G)) and V§ = VanV (G).

Since {v:v € A} C Vo NV(G),

VR(GG) =walg) + ) fle) = |Al 2 welg) +1274(G) + 1.

zeV(G)
|

If G = Cs, then G and G are isomorphic and GG is isomorphic to the Petersen graph.
Observe that 75 (GG) = 7, vE(G) = vE(G) = 4 and p = 8 so that

1+ max{£(G), 7k (@)} < 7£(GG) < p.
This shows that strict inequality can be attained at each side of the inequalities in Theorem
2.14.
2.4. On the edge corona of graphs

Given graphs G and H, we write H*’ to denote that copy of H that is being joined
with the endvertices of the edge uv € E(G) in the edge corona G o H. If H = {z}, then
we write V(H") = {z""}.

For an f € PRD(G), we write for each a,b € {0, 1,2},
Ea(f;G) ={w € E(G) : (f(u) =aA f(v) =b) V (f(u) =bA f(v) =a)},

where “A“ and “V“ denote “and* and “or“, respectively.

Theorem 2.15. Let G be a nontrivial connected graph and H any graph of order n. Then
vE(Go H) < a,
where

o= gelglllzilgl(G) (wa(9) + [B11(g; G) vk (H) + n (| Bor(g: G)| + [ E22(g; G)| + Eoo(g: G))))

and this upper bound is sharp.

Proof: Let g € PRD(G). If no confusion arises, we write E,, = FEg(g;G). Let h €
PRD(H). For each ab € E(G), we define a copy h® of h on H®. Define the function
f=Wo,V1,V2) on G o H by

g(z), iteeV
v (z), ifzeV
0, ifreV
1, ifxeV

G);

H"), where uv € E1y;

H"), where uv € Ega U E19;
H"), where uv € Ep; U Eyy U Eaa.

fz) =

o~ o~ o~ o~
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We claim that f € PRD(G ¢ H). First, note that f|l¢c =g = (VW NV(G),ViNV(G),VanN
V(G)). Let z € Vy. Suppose that 2 € V(G). Then Ngor () = Na(2)U(Uyeng @)V (H™)).
Since ¢ € PRD(G), |Va N Ng(z)| = 1, say Vo N Ng(z) = {z}. Let u € Ng(z), and
let y € V(H™). If w € Vy UVy, then y € V1. On the other hand, if u € Vs, then
y € Vo. Thus, Vo N V(H") = @. Since u is arbitrary, Va2 N (Uyeng@)V (H™)) = @
and so Vo N Ngom(x) = {z}. Suppose that © € V(H") for some uv € E(G). Then
Ngop(x) = {u,v} U Nyuo(x). Since f(z) = 0, uv ¢ Epo U Egg U Eg1. If uwv € Ejq,
then h"’(z) = 0 and there exists exactly one y € V(H"?) such that xy € E(H"") and
fly) = A" (y) = 2. In this case, Vo N Ngop(z) = Vo N Nyuw(x) = {y}. Suppose that
wv € Epa U Eqa. Since V(H"™) C V), either Vo N Ngom () = {u} or Vo N Ngom(x) = {v}.
Accordingly, f € PRD(G ¢ H). Therefore,

TR(GoH) < walg) +|Bulwr(h) + > f(@)
QTG{V(H"“’)ZUUGEO()UE(HUEQQ}

= wq(9) + |Eii|lwr(h) + n (| Eo1| + |E22| + Eool) -

Since h is arbitrary, the desired inequality holds.

Consider the graph G ¢ P3 in Figure 2, where G is the caterpillar ca(2,0,2) with the
corresponding vertex labelling. The function g on V(G) given by g(z) = g(2) =2, g(y) =1
and g(z) = 0 else is in PRD(G). Since Egy = Eg1 = F9g = Epp = I, a < wi(g) = 5 so
that v£ (G o P3) < 5. Now, note that {x, 2} is the unique y-set of G o P;. However, {z, 2}

o o

x Y z T y%z

G G<>P3

Figure 2: The edge corona G o P3 with v5(G o P3) =5

does not form the V3 U V5 for any f = (Vo, Vi, V2) € PRD(G o P3). Thus, v5(G o P3) > 5.
|

The value of o in Theorem 2.15 is not necessarily determined by a ’yg—function on G.
Consider the two copies of the edge corona Ps<C}y given in Figure 3 with the corresponding
assignment of colours to the vertices. Here, we write Ps = {x1,z2, %3, 24, 25}. Observe
that f = ({x1, 23,24}, 9, {x2, 75}) is a v5-function on P (see right-hand side figure), while
g = ({z1,25}, {23}, {2, 24}) € PRD(P5) but not a vE-function on Ps (see left-hand side
figure). Verify that fyg (Ps © C4) =5 and is determined by the function g.

From Theorem 2.15 and as illustrated in the preceding example, the value of « in
Theorem 2.15 is determined by the functions ¢ € PRD(G) for which most of the sets
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Figure 3: The edge corona Ps ¢ Cy

Eoo(g; G), E22(g;G), E11(g;G) and Ep1(g; G) are empty. In view of such, the following
observation can be easily verified.

Corollary 2.16. Let H be any nontrivial graph of order m. then
(i) For the path P, onn > 2 vertices, v5 (P, o H) = 3| 52| + 2.

(13) If m > 3, then for the cycle Cy, on n > 3 vertices,

3k, if n = 2k
Wg(CnOH): P .
3k+1+,p(H), ifn=2k+1.

(idi) If m >3, then for 2 <n <k, v5(Knro H) =2n+k.

Theorem 2.17. Let G be a nontrivial connected graph. Then

YR(GoKy)= min (wg(G)+ |Eoo(g; G)| + [Eoi(g; G)| + |Eni(g; G)| + |Eaz(g; G)|) -
gePRD(G)

Proof: Put
a = min{we(G) + |Eoo(g; G)| + |Eo1(g; G)| + [E11(g; G)| + |E22(g; G)| : g € PRD(G)}.

By Theorem 2.15, v£ (G o K1) < .

Let f = (Vb,V1,V2) be a 'yg—function on G o Kj. Suppose that the restriction f|g of f
to G is not a perfect Roman dominating function on G. We will construct a vE-function g
on G ¢ K such that wgok, (9) = waoek, (f) and its restriction g|g to G is a perfect Roman
dominating function on G. There exists u € Vp N V(G) such that uv ¢ E(G) for all
v € VoNV/(G). This means that there exists v € Ng(u) such that Vo N Ngog, (u) = {z*}.

Case 1: Suppose that v ¢ V. Define f! = (Vi, Vi1, Vi) on Go Ky by f(u) = fH(z™) =1
and fl(x) = f(z) for all z € V(G o K1) \ {u,2**}. Then f! € PRD(G o K;) with
wGOKl(fl) = waok, (f)-

Case 2: Suppose that v € Vp. If (Ng(v) \ {u}) N Vy = @, then take f1 = (V!, Vi, Vi!) on
G given by f1(v) =2, f}{(z*¥) = 0 and f!(z) = f(z) for all x € V(Go K1)\ {v,z*}. Then
f! € PRD(GoK1) and waok, (f!) = waok, (f). Suppose that B = (Ng(v) \ {u})NVy # @.
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Necessarily, V% € V; for each w € B. In this case, take the function f! = (V4 VE V)
on G o K given by

2, if x = w;
0, if x € {2, 2" : w € B};
fay=q % reet }
, if x € B;
f(z), ifzeV(GoK;)\ (BU{z" 1w e B}).
Then f' € PRD(G o Ky) with Vi = (W\{v}) U {z*, 2" : w € B},

Vi = M\ {2 :weB})UB and Vil = (Vo \ {z"}) U {v}. Tt is easy to verify that
f' € PRD(G o K1) and wgok, (f!) = waok, (f)-

If f!|¢ ¢ PRD(G), then we follow the same process and obtain f2 € PRD(GoK;) with
waorc, (f?) = waor, (fY) = waok, (f). If necessary, we do a finitely many repetitions of the

process until we obtain a function g = f*¥ € PRD(G o K1) for which wger, (9) = waor, (f)
and g|¢ € PRD(G). By the definition of a, v£ (G ¢ K1) = waok, (9) > . [ |

The value of v£ (G ¢ K1) in Theorem 2.17 is determined by the functions g € PRD(G)
for which the sets Fa9 and Fq;1 are empty. With this observation, it can readily be verified
that for n > 1 and m > 3,

n—1 n
W (Pao K1) = [P + 9K (Pa) and 25 (Con o K1) = [5]+ 7K (Con).

2.5. On the composition of graphs

Given S C V(G[H]), we write S¢ = {z € V(GQ) : (x,y) € S for some y € V(H)},
which is called the projection of G on G[H].
Proposition 2.18. Let G and H be connected graphs, G noncomplete and H of order n
with v(H) = 1. Then
v (G[H]) <
where o = min{(n — 1) (V1| + |Va N Ng(V2)|) + wa(f) : f = (Vo, V1, V2) € PRD(G)}.
Proof: Let v € V(H) for which Ny[v] =V (H). Let f = (Vo, V1, Va) € PRD(G) such that
Vo # @. Define g = (V{f, V¥, V") on G[H]| by
0, if (x€Va\Ng(Va) A y#v) V (z€Vp);
9((xy)) =4 1, if (z€VanNg(V2) A y#v) V(z€W);
2, ifxeVyand y=w.
with Vi = ((Va \ Ng(V2)) x (V(H) \ {v})) U (Vo x V(H)), V5" = Vo x {v} and V}" =
(ViUV(H)) U ((Van Ng(Va)) x (V(H) \ {v})). Let (z,y) € V. If x € Va, then x ¢
Ng(V2) so that Ngg)((z,y)) N Vs = {(z,v)}. If 2 € Vo, then there exists u € V2 such
that Ng(z) N Va2 = {u}, which implies that Ngg((z,y)) N V5 = {(u,v)}. Thus, g €
PRD(G[H)). Therefore, v5(G[H]) < |Vi*[+2|V5| = (n—1) (|Vi| + [Va N Ne:(Va)|) +we (f)-
Since f is arbitrary, the desired inequality is established. |
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Proposition 2.19. Let G be a nontrivial connected graph and p > 2. Then
Th(GIK,)) =,
where o = min{(n — 1) (V1| + |[Va N Ne(V2)|) + wa(f) : f = (Vo, Vi, V2) € PRD(G)}.

Proof: Let f = (Vo, Vi, Va) be a yE-function on V(G[H]). Then Vs # @ and Vy # @.
First, we claim that (Vo)- N (V1)g = @. Suppose not, and let (z,y) € Vi be such that
(x,z) € Vy for some z # y. There exists unique (u,v) € V, for which (z,z2)(u,v) €
E(G[Kp). If u = x, then since y # v, (z,y)(u,v) € E(G[K,]). Thus, whether u = z
or z # u, (z,y)(u,v) € E(G[K,]). By Proposition 2.1, there exists (a,b) € Vo \ {(u,v)}
such that (z,y)(a,b) € E(G[K,]). Using the same argument, whether x = a or = # b,
(x,z)(a,b) € E(G[Kp|). This is a contradiction since (z, z) € Vp.

Fix v € V(K),). Define A = {(z,v) :x € (Vo) N(Va)e}, B=A{(z,y) € Va:x ¢ (Vo))
and C = {(z,y) € Va:z € (V§),y # v}. Put

Vi=Wo\A)UC, Vi =Vi, and Vi = AUB.

Then {Vj, V", V5'} forms a partition of V(G[K,]). Note here that, in particular, since
Vo)e N (V1) =@ and Vi N Vo = @. Now, let (z,y) € V.
Case 1: Suppose that (z,y) € Vo \ A. There exists (u,w) € V3 such that Ng(g,)((z,y)) N
Va = {(u,w)}. Tfu ¢ (Vo)g, then (u,w) € B and Ngx,)((z,y)) N V5" = {(u,w)}. On the
other hand, if u € (Vo), then (u,v) € A and Ngk,j((z,y)) N V5" = {(u,v)}.
Case 2: Suppose that (z,y) € C and let z € V(K),) \ {y} for which (z,2) € V. Since
(z,y)(x, 2) € E(G[Kp]) and (z,y) € Va, Ng[Kp]((CC,Z)) NVy = {(z,y)}. This means that
(x,w) ¢ Vo forallw € V(K,)\{y} and (u,w) ¢ V5 for allu € Ng(x) and for all w € V(K,,).
Thus, Ne(x,)((z,y)) N V5 = Nk, (z,y)) N A = {(z,v)}.

Accordingly, the function g = (V{, V¥, V5") € PRD(G[K,]). Since Vi* =V} and |V5| <
[Val, waik,) (f) > waik,)(9). Because f is a vE-function of G[K,), waik,) (f) = waik,)(9)
and g is a yE-function of G[K,)].

Define the function h = (VJ*, V{*, V*) on G by

2, ifze(Vy)eq:
h(z) =14 1, ifze (V) \(V)g;

0, else.

Let x € V. Then (z,y) € Vg for all y € V(K,). Pick y € V(K,). There exists a unique
(u,v) € Vi for which (z,y)(u,v) € E(G[Kp]). It follows that u € V* and ux € E(G).
Moreover, u is unique in this sense as (u,v) is for (z,y). Thus, h € PRD(G).

Finally, let z,u € VJ* for which zu € E(G). Let y,v € V(K,,) such that (x,y), (u,v) €
V. Since g is a vE-function of G[K,), (z,a), (u,b) € V{* for all a € V(K,)\ {y} and for all
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b€ V(K,)\ {v}. On the other hand, by the definition of h, for each x € V}*, (z,y) € V;*
for all y € V(K,). Thus, |V > p|V{*| + (p — 1)|V4* N Ng(V)|. Therefore,
T (GIE) = warr,(9) = [Vi'| + 2|V
pIVI + (0 = D|V3" 1 Na(V3')| +2|Vy'|
(= 1) (I + V8 0 Na(V)]) +walh)

Q.

V

Y

The desired equality is completed by Proposition 2.18 |

Equality in Proposition 2.18 is possible even if H is not complete. Consider the graph
G[Ps] in Figure 4, with G being the caterpillar graph ca(0,2,0,2,0). Observe that a = 7.

Figure 4: Graph G with 7% (G[Ps]) =7

On the other hand, v5(G[Ps]) = 7, which is determined by (Vp, Vi, V2) € PRD(G[Ps)),
where V; and V5 are the sets of all red and all black vertices, respectively, in G[Ps] and
Vo = V(G[B]) \ (V1 U Va).
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Abstract

In this paper, we introduce and characterize the notion of (i, Sy-
Open Sets, fiynSp-interior, and fi,,, Sp-closure of a set in Bigeneralized
Topological Spaces.

1 Introduction

In 2002, Csdaszdr introduced the concept of generalized topology [5]. Several
counterparts of existing concepts in topology were defined including the u-
semiopen sets and p-preopen sets.

Benjamin and Rara [4] introduced and characterizes the concepts of p.S,-
open sets, pS,-closed sets, pS,-interior and p.S,-closure of a set in the gen-
eralized topological spaces. These concepts are generalized topology’s coun-
terpart of the S,-open sets in [7].

Boonpok [3] introduced the concept of bigeneralized topological spaces.
In this paper, we introduce and characterize the notions of i,,S,-Open
Sets, fimnSp-interior, and fi,,,S,-closure of a set in Bigeneralized Topolog-
ical Spaces.
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2 Preliminaries

Let X be a nonempty set. A subset p of P(X) is said to be a generalized
topology (briefly GT) on X if @ € p and the arbitrary union of elements of
p belongs to p. If pis a GT on X, then the pair (X, p) is called a generalized
topological space (briefly GT-space), and the elements of 1 are called p-open
sets. The complement of a p-open set is called a p-closed set.

Throughout this paper, the space (X, 1, o) (or simply X) mean a bi-
generalized topological space (BGT-space) with no separation axioms unless
otherwise stated. Let A be a subset of a bigeneralized topological spaces.
The closure and the interior of A with respect to u,, are denoted by c,,, (A4)
and i, (A), respectively, with m =1, 2.

In 2019, Fathima et. al [2] introduced the following definition:

Let (X, 1, o) be a bigeneralized topological space. Let A be a subset of X.
Then A is said to fi,,-semiopen if A C ¢, (i,,(A)), where m,n = 1,2 and
m # n. The complement of a fi,,,-semiopen set is called a pi,,,-semiclosed
set.

Moreover, in 2020, Rani et. al [1] introduced the notion of a p,,,-preopen
set as follows:

Let (X, p1, o) be a bigeneralized topological space. Let A be a subset of X.
Then A is said to p,,-preopen if A C i, (c,,(A)), where m,n = 1,2 and
m # n. The complement of a yi,,,-preopen set is called a p,,,-preclosed set.

3  mnS,-Open Sets in the Bigeneralized Topo-
logical spaces

In this section, we introduce the notion of fi,,,5,-Open Sets in the Bigener-
alized Topological spaces.

Definition 3.1. A subset A of a bigeneralized topological space X is called
LmnSp-open if A is p,-semiopen and for every x € A, there exists a fu,-
preclosed set F, such that x € F, C A. The complement of a f,,S,-open
set is called a fiy,,Sp,-closed set.

Remark 3.2. Let (X, i, ptn) be a bigeneralized topological space. Then A
iS @ PmnSp-open set in X if and only if A is p,-semiopen and A = U F,,

€A
where F, is a p,-preclosed set.



LmnSp-Open Sets in Bigeneralized Topological Spaces 1283

Remark 3.3. The concepts of i, Sp-open set or j1,,S,-open set and the fi,,,Sy-
open sets are independent notions.

Remark 3.4. The (1125,-open sets need not be pig15,-open. To see this, let
X = {a,b,c,d} with generalized topologies 1w = {9,{a,c},{d},{a,c,d}}
and py = {@,{a},{b},{a,b}}. Then {a,c,d} is a po1S,-open set but not
[t125p-open.

Theorem 3.5. Let (X, pim, itn) be a bigeneralized topological space. Then A
iS @ fmnSp-closed set in X if and only if A is p,-semiclosed and for every
x & A, there exists a pu,,-preopen set U, such that A C U,.

Proof.
Let A be a piynSp-closed set in X. Then X\ A is pt,Sp-open. By Definition
3.1, X\ A is p,-semiopen and for every x € X\ A, there exists a p,,-preclosed
set F, such that = € F, C X\A. Hence A is p,-semiclosed and for every
x ¢ A, there exists a p,,-preopen set X\F, such that A C X\F,. Take
U, = X\F,. Thus the necessity of the theorem follows. The sufficiency is
proved similarly. This completes the proof. O

Definition 3.6. The union of all the f,,,S,-open sets of a BGT-space X
contained in A C X is called the p,,, Sp-interior of A, denoted by ftmnSpiy,., (A).

Remark 3.7. For any subset A of a BGT-space X, (i, Spip,.. (A) C A.

Definition 3.8. The intersection of all the fi,,,S,-closed sets of X contain-
ing A is called the fi,,,.Sp-closure of A, denoted by fimnSpcpn, (A).

Remark 3.9. For any subset A of a BGT-space X, A C . Spcp,,.,. (A).

4 pmpS,-Interior and i, 5,-Closure of a Set

In this section, we present some results involving fi,,,Sy-interior and fi,,,,S,-
closure of a set in the BGT-space. First, consider the following remark:

Remark 4.1. Let (X, py, pt) be a BGT-space and A C X. Then

(1) fmnSpCramn (A) = X \imn Splpu, (X \A);

(i) HmnSplpmn (A) = X \HmnSpCupmn (X\A).

(ili) A 1S pemn-semiopen and fi,,,-preclosed if and only if A = ¢, (i, (A)).
(IV) If A = Cumn (Z.an(A))? then A iS ansp_open'
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The converse of Remark 4.1 (iv) need not be true. Consider the same
BGT-space X in Remark 3.4. Observe that the set A = {a,b} is i, Sp-open
a’nd Can (Z.an(A)) = {a'? b’ C} Wthh means A ?é Cﬂmn(iﬂmn (A))

Lemma 4.2. Arbitrary union of fiy,-semiopen Sets is [y, -SEmiopen.

Proof.
Let {M; : i € I} be a collection of i,,,-semiopen sets in a BGT-space X.
Then M; C ¢,,, (i, (M;)) for all <. Thus

UM € U (i, (1))

i€l i€l
g C/J'm (U Z;Ufn(MZ))
i€l
C Cum, (hm(U MZ)) :
i€l
Therefore, U M; is fiyn-semiopen. O

el

Theorem 4.3. The collection of all ji,,Sp-open sets in X forms a BGT on
X.

Proof.
Let C' ={M,;: M, is puS,-open,i € I}. Clearly, & is (i, Sp-open. Since M,
IS fmnSp-open for all © € I, M; is ji,-semiopen for all 7. By Lemma 4.2,
User M; 1S ftynpn-semiopen. Let x € U;e;M;. Then x € M; for some ¢ € I. Since
M; 18 ptmnSp-open, there exists a p,,-preclosed set F; such that z € F; C M,.
This implies that x € F; C U;erM;. Therefore, UjerM; 1S [ty Sp-open. It
follows that C' forms a BGT on X. O

Corollary 4.4. The intersection of all fi,,,Sy,-closed sets is fiynSy-closed.

Proof.
Let F; be fiynSy-closed sets for each i € I. Then X\ F} is fiynSp-open for each
i. By Theorem 4.3, Ujer(X\F;) = X\(NierF;) i8 fmnSp-open. Therefore,
NierFy is a iy, Sp-closed set. O
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Abstract

In this paper, we introduce and investigate some g/.5,-separation
axioms in generalized topological spaces. Using the concepts of guS,-
open sets, the study defines and characterizes guSy-Ro, guSp-R1, guSy-
To, guSp-T1, guSp-Ts, guSp-regular and guSy,-normal spaces.

Mathematics Subject Classification: 54A05

Keywords: guS,-Ro, giuSy-Ri, guSy-To, giuSy-1T1, guSy-Ts, gusSy-regular,
guSp-normal

1 Introduction

In [1], the concept of uS,-sets and wS,-functions was introduced. The
objective of this paper is to introduce the concept of generalized 11.5,-sets and
investigate some of its properties. Furthermore, new separations axioms via
the generalized pS,-sets are defined and characterized. In particular, we will
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impose more conditions on a generalized topological space and determine the

invariance properties of the resulting generalized topological space (GT-space).
For a subset A of a GT-space X, uSpyc,(A), uSpi,(A), and X\ A denote the

pSy-closure of A, puSy-interior of A, and complement of A in X, respectively.

2 Preliminaries

Definition 2.1 [1] A subset A of a GT-space X is called pS,-open if A is
p-semiopen and for every x € A, there exists a u-preclosed set F, such that
x € F, C A. The complement of a ;15,-open set is called a ;S,-closed set. If
(X, pux) is a GT-space, the notation px.S,-open means a pS,-open set in X
with the generalized topology px.

Remark 2.2 The collection of all x1.S,-open sets in X forms a GT-space.

We will now define a larger set compared to a pS,-open set. Some of its
properties are established.

Definition 2.3 A subset A of a GT-space X is called a generalized
wSy-closed set (briefly gpuS,-closed) if 11S,c,(A) C U whenever U is puS,-open
with A C U. The complement of a guS,-closed set is called gu.S,-open.

Remark 2.4 Every pS,-closed set is guSy,-closed.

Remark 2.5 The collection of all guS,-open sets in X does not always form
a GT on X.

Definition 2.6 The g;S,-closure of a subset A of a GT-space X, denoted by
guSpc,(A), is the intersection of all guS,-closed sets containing A.

Remark 2.7 The guS,-closure of a subset A of a GT-space X is not
necessarily guS,-closed. Consider Let X = {a,b,c,d} with the generalized
topology p = {2, {a,c},{d},{a,c,d}}. Then p-closed sets in X are X, {b,d},
{a,b,c}, and {b}. Thus {a,b,c} and {b,c,d} are guS,-closed sets but their
intersection {b, ¢} is not guS,-closed.

Definition 2.8 The union of all the uS,-open sets of a GT-space X
contained in A C X is called the pSy-interior of A, denoted by pS,i,(A).
The intersection of all the pS,-closed sets of X containing A is called the
wSp-closure of A, denoted by p.5,¢,(A).
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Definition 2.9 A function f: (X, ux) — (Y, py) is called an absolute guS,-

continuous if for every guy Sy,-open subset U of Y, f~1(U) is guxSp-open in
X.

Definition 2.10 A function f : (X, ux) — (Y, puy) is called an absolute guS,-
open if the image f(A) is guySy-open in Y for each guxSy,-open set A in
X.

3 gupS,-Separation Axioms

In this section, guS,-open sets are used to define separation axioms and
some of their properties are established.

Definition 3.1 A GT-space X is called a
(i) guS,-Ry if for each guSy,-open set G and = € G, guS,c,({z}) C G.

(i) guSp,-Ry if for every z,y € X with guSyc,({z}) # guSpc,({y}), there
exist disjoint guS,-open sets U and V' such that guSyc,({z}) € U and

gNSpCu({yD cV.

(iii) guS,-Ty space if for each pair of distinct points =,y € X, there is either
a guSp,-open set containing x but not y or a guSy-open set containing y
but not x.

(iv) guS,-Th space if for each pair of distinct points z,y € X, there is a
guSp-open set containing x but not y, and a guS,-open set containing y
but not z.

(v) guSy-Hausdorff or guS,-T» space if for each pair of distinct points
x,y € X, there exists guS,-open sets U and V' such that x € U,y € V
and UNV =g.

(vi) guS,-reqular space if for each 115,-closed subset F' C X and each point
x ¢ F, there exist guS,-open sets U and V such that z € U, F* C V and
unv =g.

(vil) guS,-T5 space if it is both guS,-T1 and gpuS,-regular space.

(viii) gpS,-normal if for each pair of disjoint p.S,-closed subsets Fy and F,
there exist guSy-open sets U and V' such that Fy C U, F, C V and
unv =g.

(ix) guS,-Ty space if it is both guS,-T) and guS,-normal space.
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The relationship of guS,-Ry and guS,-R; spaces is given in the next theo-
rem.

Theorem 3.2 Every guS,-Ri space X is guS,-Ry.

Proof: Suppose that X is a gjuS,-R; space. Let U be a guuSy-open set in X and
zx € U. Suppose that guSpc,({z}) < U. Then there exists
y € guSpc,({z}) such that y ¢ U. Since x ¢ X\U and X\U is guS,-closed
containing y, ¢ guSyc,({y}) and so guSyc,({x}) # guSpc,({y}). Since X
is guS,-R1, there exists a guS,-open set V' such that guS,c,({y}) C V and
x ¢ V. Thus, z € X\V, X\V is guS,-closed and y ¢ X\V. This means
that v ¢ guSpc,({z}). This is a contradiction to y € guS,c,({z}). Thus,
guSpc,({x}) C U. Therefore, X is guS,-Ry. O

Theorem 3.3 The following statements are equivalent for a GT-space X :

(i) X is a guS,-Ro space.

(ii) z € guSyc,({y}) if and only if y € guSyc,({z}) for any two points x and
yin X.

Proof: (i) = (ii): Let x € guSyc,({y}) and U be any guS,-open set such that
y € U. Since guSyc,({y}) C U, x € U. Thus, y € guSyc,({z}). Similarly, if

y € gnSpeu({x}), then z € guSyc,({y}).

(i) = (i): Let y € guSpc,({z}). By assumption, z € guSyc,({y}). This
implies that y € V. Therefore, guS,c,({x}) € V. This proves that X is a
guSy-Ry space. O

We will introduce the concept of guS,-kernel of a set and use it to
characterize the notions of guS,-Ry and guS,-R;.

Definition 3.4 If X is a GT-space and A C X, then the guS,-kernel of A,
denoted by guS,Ker(A), is defined to be the set

guS,Ker(A) =n{U C X : U is guuSy-open and A C U},
The next result follows immediately from Definition 3.4.

Lemma 3.5 If X is a GT-space and x,y € X, theny € guS,Ker({z}) if and
only if x € guSyc,({y})-

In Remark 2.5, the union of any collection of guS,-open sets need not be
guSp-open. In the following definition, a property is defined so that the union
of any collection of guS,-open sets is also guS,-open.
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Definition 3.6 We say that the family of all guSy,-open sets in a GT-space
X has the property 9 if the union of any collection of guS,-open sets in X is
also guSy-open. Let guS,0(X, 1) denote the collection of guS,-open sets in a
GT-space (X, p).

Theorem 3.7 Let X be a GT-space and A C X such that guS,0(X) has the
property V. Then guS,Ker(A) = {zx € X : guSyc,({z}) N A # o}.

Proof: Let = € guS,Ker(A) and suppose on the contrary that
guSpeu({z}) N A = @. Then A C X\guSpcu({z}) and X\guSpc,({z}) is a
guSp-open set by assumption. Now, since z ¢ X\guSp,c,({z}) and
x € guS,Ker(A), we obtain a contradiction.

On the other hand, let x € X such that guS,c,({z}) N A # @. Sup-
pose that © ¢ guS,Ker(A). Then there exists a guSy,-open set U such that
A CU and = ¢ U. This implies that for each a € A, a ¢ guS,c,({z}). Thus,
guSpc,({x}) N A = @, contrary to our assumption. O

Theorem 3.8 Let x,y be any two points in a GT-space X.

If guSpen({z}) # guSpcu({y}), then guS,Ker({z}) # guSpKer({y}).
Moreover, if guS,0(X) has the property ¥, then the converse holds.

Proof: Suppose that guS,c,({z}) # guSpc,({y}). Assume that
guSpc,({2}) € gpSpe,({y}). Then there exists a point z € guSyc,({z})
and z ¢ guSpc,({y}). Thus, there exists a guSy,-open set U containing z
(and hence containing z) not y. Hence, y ¢ guS,Ker({z}). Since z €
guSy,Ker({z}), v ¢ guS,c,({y}). By Lemma 3.5, y ¢ guS,Ker({z}). There-

fore, guS,Ker({z}) # guS,Ker({y}).
Conversely, suppose that guS,Ker({z}) # guS,Ker({y}). Then there ex-

ists z € X such that z € guS,Ker({z}) but z ¢ guS,Ker({y}). Since z €
guSpKer({z}), by Theorem 3.7, {z} N guSyc.({z}) # @.  Hence,
v € guuSye,({2}). Since > & g, Ker({y}), {y} 1 guSyeu({2}) = ©. Because
x € guSpc,({z}) and guSpyc,({z}) is guS,-closed by assumption,
guSpeu({z}) C guSpeu({z}) and {y} N guSpc.({z}) = @. Therefore,
guSpc,({z}) # guSpe,({y}). This completes the proof. O

A characterization of guS,-Ry space is given in the next result.

Theorem 3.9 Let X be a GT-space. If guuS,O(X) has the property 9, then
the following statements are equivalent:

(i) X is a guS,-Ro space.

(ii) For any x € X, guSpc,({x}) C guS,Ker({z}).

(iii) For any guS,-closed set F' and a point x ¢ F, there exists a guS,-open
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set U such that x ¢ U and F C U.
(iv) If F is a gpuSy-closed set, then

F=n{U C X :U is guSy-open and F C U}.
(v) If F is a gpuSy-closed set such that v ¢ F, then guSyc,({z}) N F = @.

Proof:

(i) = (ii): If y € guSpc,({z}), then = € guS,c,({y}) by Theorem 3.3. By
Lemma 3.5, y € guS,Ker({z}). Thus, (ii) holds.

(ii) = (ili): Suppose that F' is a guS,-closed set and x € X such that
x ¢ F. Then for y € F, guSyc,({y}) C F. Thus, x ¢ guSyc,({y}) so that
y ¢ guSpc,({}). Hence, there exists a guS,-open set O with y € O but = ¢ O
for every y € F. Let U = U{O : O is guS,-open such that y € O,z ¢ O}. By
assumption, U is guS,-open such that x ¢ U and F C U.

(iii) = (iv): Let F' be any guS,-closed set and W = N{U € guS,0(X) : F C
U}. Then FF C W. Let x ¢ F. Then by hypothesis, there exists U € guS,0(X)
such that z ¢ U and F C U. Hence, z ¢ W. It follows that W C F.

(iv) =(v): Let F be a guS,-closed set with x ¢ F. Then by (iv),
x ¢ N{U € guS,0(X) : F C U}. Thus, there exists a guS,-open set H
such that * ¢ H and F C H. Then z € X\H = M C X\F so that
guSpc,({}) € M C X\F. Hence, guSyc,({z}) N F = @.

(v) = (i): Let U be a guS,-open set such that + € U. Then X\U is a
guSp-closed set and = ¢ X\U. Hence, guSyc,({z}) N X\U = @. Therefore,
guSpc,({2}) € U. Consequently, X is a guS,-Ry space. O

Theorem 3.10 Suppose that guS,0(X) has the property 9. A GT-space X
is guSy-To if and only if the guSy,-closure of distinct points are distinct.

Proof: Let X be a guS,-Tj space. Suppose that z,y € X with  # y. Then
there exists a guSy-open set U that contains x but not y. Then X\U is guS,-
closed in X which contains y but not =x. Since {y} < X\U,
guSpe,({y}) € X\U and since x ¢ X\U, = ¢ guSyc,({y}). Hence,
guSpeu({z}) # guSpe,({y})-

Conversely, let z,y € X such that =z # . By assumption,
guSpc,({2}) # gpSpe,({y}). Then there exists at least one point d of X
such that d € guSyc,({z}) and d ¢ guS,c,({y}). If z € guS,c,({y}), then
{z} C guSyc,({y}). Hence, guS,c {x} C guSyc,({y}). Thisis a contradiction
since d ¢ guSpc,({y}) but d € guSyc {z}. Thus, x ¢ guS,c,({y}). Hence,
X\guSpc,({y}) is a guSp-open set containing x but not y. Therefore, X is
guSy-T) space. O

Theorem 3.11 Let X be a GT-space and x € X such that guS,0(X) has the
property O. If {x} is a guS,-open set for every x € X, then X is a guS,-T}
space.
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Proof: Suppose that for each z € X, {z} is a guS,-open set. If | X| = 1, then
the result follows. Let | X| > 1 and let x,y be distinct points of X. Then {y}
is a guSp-open set and X\{y} = Usex\y3 {2} is a guSy-open set containing x
but not y. Therefore, X is a guS,-T} space. OJ

Theorem 3.12 Let X be a GT-space. If every singleton of X is guSy-closed,
then X is guSy-T1.

Proof: Let {z} be guS,-closed for every x € X. Suppose that z,y € X are
distinct. Then X\{z} is guS,-open containing y but not z. Also, X\{y} is
guSp-open containing x but not y. Therefore, X is guS,-T1. 0

Remark 3.13 The converse of Theorem 3.12 is not necessarily true.

The next result provides additional condition so that the converse of The-
orem 3.12 holds.

Theorem 3.14 Let X be a GT-space such that guS,0O(X) has the property
V. If X is guS,-Th, then every singleton subset of X is guSy-closed.

Proof: Suppose that X is a guS,-T space. Let x € X and y € X\{z}. Then
x # y. Since X is guS,-T1, there exists a guS,-open set U, such that y € U,
and z ¢ U,. Thus, for each y € X\{x}, there exists a guS,-open set U, such
that y € U, C X\{z}. It follows that U{{y}|y # 2} C U{U,|y # =} C X\{z}.
Hence, X\{z} = U{Uyly # z}. Since guS,0(X) has the property 9, X\{z}
is gpuS,-open. Therefore, {z} is gpuS,-closed. O

The next corollary follows fro Theorem 3.12 and Theorem 3.14.

Corollary 3.15 Let X be a GT-space such that guS,0(X) has the property
v. Then X is guS,-11 if and only if every singleton subset of X is gjuS,-closed.

It is well known that a topological space X is a Tj-space if and only if
each finite subset of X is closed. Can “singleton” in Theorem 3.15 be replaced
by “finite subset”? Remark 3.13 shows that the answer to this question is
negative.

We will now characterize a guS,-T1 space.

Theorem 3.16 Let X be a GT-space such that guS,0O(X) has the property
9. The following statements are equivalent:

(i) X is a guS,-T space.

(ii) Fach subset of X is the intersection of all guS,-open sets containing it.
(iii) The intersection of all giuSy,-open sets containing the point v € X is {x}.
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Proof:

(i) = (ii): Let X be a guS,-1T1 space and A C X. If y ¢ A, there exists a
set X\{y} such that A C X\{y}. By Theorem 3.14, X\{y} is guS,-open for
every y. Thus, A =N{X\{y} :y € X\A}.

(ii) = (iii): Let x € X. Then {z} C X. By assumption,

N{U C X : U is guSy-open with x € U} = {z}.
(iii) = (i): Suppose x,y € X such that x # y. Let
U,=n{U C X : U is guSy-open with z € U}

and
U,={V C X :V is guS,-open with y € V'}.

By (iii), U, = {z} and U, = {y}. Thus there exist guS,-open sets U, and U,
with z € U,y ¢ U,,y € Uy, and = ¢ U,. Hence, X is a guS,-T; space. O

Remark 3.17 Every guS,-T1 space is guS,-Ty, but the converse is not true.
The next theorem provides a condition for a guS,-Tj space to be guS,-Ti.

Theorem 3.18 If a GT-space X is both guS,-Ty and guSy,-Ry, then X is a
guSy-11 space.

Proof: Let x,y € X be any pair of distinct points. Since X is a guS,-Tj
space, there exists a guSy,-open set U such that + € U and y ¢ U or there
exists a guSy,-open set V' such that y € V and « ¢ V. Since X is guS,-Ry,
guSpc,({z}) € U and y ¢ guSyc,({x}). Hence, y € W = X\guS,c,({z}).
Since guSyc,({x}) is guS,-closed, W is guS,-open. Therefore, there exist
guS,-open sets U and W containing = and y respectively such that y ¢ U and
x ¢ W. Therefore, X is a guS,-T1 space. O

Remark 3.19 Every guS,-T5 space is guS,-T', but the converse is not true.
The next theorem characterizes a guS,-15 space.

Theorem 3.20 Let X be a GT-space. The following statements are
equivalent:

(i) X is a guS,-Ts space.

(ii) For a given xy € X and for any x € X such that x # xo, there exists a
guSp-open set U in X with x, € U and x ¢ gpuSyc,(U).

(iii) For each x € X,

N{guSpc,(U) : U is guS, -open in X with x € X} = {z}.
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Proof:

(i) = (ii): Let o € X and consider x € X such that x # zy. Since X is a guS,-
T; space, there exist disjoint guS,-open sets U and V' such that zp € U and
z € V. Then X\V is guS,-closed and guS,c,(U) € X\V. Since z ¢ X\V,
x & guSpcu(U).

(ii) = (iii): Let x € X. Then for each y € X such that y # x, there exists a
guS,-open set U such that x € U and y ¢ guS,c,(U). Thus,

N{guSyc,(U) : U is guS, -open in X with z € X} = {z}.
(iii) = (i): Suppose that x,y € X such that = # y. Let
W, = N{guSyc,(U) : U is guSy-open in X with x € U}.

By (iii), W, = {«z}. Hence, y ¢ W,. This implies that there exists guS,-
open set U with x € U and y ¢ guSyc,(U). Let V- = X\guS,c,(U). Then
UNV = @. Since guSyc,(U) is a guS,-closed set, V' is a guS,-open and y € V.
Therefore, X is a guS,-T5 space. O

The next theorem establishes links between g/15,-T5 and guS,-R; spaces.

Theorem 3.21 Let X be a guS,-Ty space such that giuS,0(X) has the prop-
erty 9. Then X is guSy-Ts if and only if guS,-R;.

Proof: Let z,y € X such that = # . By Theorem 3.10,
guSpc,({2}) # gpuSpe,({y}). Since X is guS,-Tb, there exist disjoint guS,-
open sets U and V such that z € U and y € V. By Remark 3.19 and Theorem
3.15, guSpc,({z}) = {z} C U and guS,c.({y}) = {y} € V. Hence, X is
guSp-Ry.

Conversely, suppose that z,y € X with x # y. Then by Theorem 3.10,
guSpc,({2}) # guSpe,({y}). Since X is guS,-Ry, there are disjoint g/5,-open
sets U and V such that 2z €  guSyc,({z}) C U and
y € guSpc,({y}) C V. Therefore, X is guS,-Tb. O

The following theorem is a characterization of a guS,-R; space.

Theorem 3.22 Let X be a giuS,-Ry space. Then for any x,y € X such that
guSpc({z}) # guSpc({y}), there exist guS,-closed sets M and N such that
reMy¢gMye N,x¢ N and X = M UN. If in addition, guS,0(X) has
the property 9, then the converse holds.

Proof: Suppose that =,y € X such that guS,c,({z}) # guSyc.({y}). Since
X is a guS,-Ry space, there exist disjoint guS,-open sets U and V' such that
x € guSpc,({z}) € U and y € guSpc,({y}) € V. Let M = X\U and
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N = X\V. Then M and N are guS,-closed sets such that x ¢ M,y € M,
x€N,y¢ Nand X = M UN.

Conversely, let =,y € X be distinct such that guSyc,({z}) # guSpc,({y}).
By assumption, there exist guS,-closed sets M and N such that z € M,
y¢ M,ye Nyx ¢ Nand X = MUN. Let U = X\N and V = X\M.
Then U and V' are guS,-open sets such that z € U,y € Vand UNV = @.
Therefore, X is a guS,-Ry by Theorem 3.21. U

4 guS,-Regular and ¢115,-Normal Spaces

In this section, we investigate the concepts of guS,-regular and gpuS,-normal
spaces and establish some of their characterization.

Lemma 4.1 Let (X,pu) be a GT-space and U,V are guS,-open sets in X.
Then UNV = @ if and only if guSyc,(U)NV = @.

Proof: Suppose that U NV = @. Then U C X\V and X\V is guS,-closed.
Thus, guSyc,(U) C guSpe,(X\V) = X\V. This means that guS,c,(U)NV =

@. The converse is clear. O

Theorem 4.2 Let X be a GT-space. If X is a guSy-Ty space, then X is
guSy-Ts.

Proof: Suppose that X is a guuS,-Ty space. Let € X and F' be a guS,-closed
set such that x ¢ F. Since X is guS,-T1, {z} is guS,-closed by Theorem 3.15.
By normality of X, there exist guSy,-open sets U and V such that z € U,
F CV,and UNV = @. Therefore, X is a guS,-T5 space. O

Theorem 4.3 The following statements are equivalent for a GT-space X where
guS,0(X) possesses the property 9.

(i) X is a guSy-regular space.

(ii) For every x € X and for every uSy,-closed set F' such that v ¢ F,
there exist guS,-open sets U, and Vg such that x € U,, F' C Vg and
guSpc,(Uy) NV = @.

(iii) For every x € X and for every juS,-closed set F' such that x ¢ F, there
exist guSy-open sets U, such that guSyc,(U,) N F = @.

(iv) For everyx € X and for every uS,-open set U, containing x, there exists
a gpSy-open set V,, containing x such that x € V,, C guSyc, (V) C U,.

v.) For every guS,-closed set F' of X,
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F =n{guSyc,(U) : F CU and U is guS,-open}.

Proof: (i) = (ii): This follows from Lemma 4.1.

(ii) = (iii): This is straightforward.

(iii) = (iv): Let z € X and suppose that U, is a puSy,-open set with x € U,.
Then X\U, is a pS,-closed set and « ¢ X\U,. Thus, there exists a guS,-
open set V, with z € V, such that guSyc,(V,) N (X\U,) = @. It follows that
guSpc, (Vi) € Uy. Hence, x € V, C guS,c,(Vy) C U,.

(iv) = (v): Let F be a guS,-closed subset of X. Then

F Cn{guS,c,(U) : F CU and U is guS,-open}.

Suppose that © ¢ F. Then z € X\F and X\F is a guS,-open set. By (iv),
there exists a guS,-open set U, with x € U, such that

x e U, C guSpc,(Uy) € X\F.

Let Vp = X\guSyc,(U,). Since guS,0O(X) has the property o, guSyc,(Us)
is a guSy-closed set so that Vp is guSp,-open. Moreover, F' C Vp. Since
Vi C guSpc, (Vi) € X\U,, ¢ Vp. This means that

z & N{guSyc,(U) : F C U and U is guSy,-open}.
Hence, N{guSyc,(U) : F C U and U is guSy-open} C {z}. Therefore,
F=n{guSyc,(U) : F CU and U is guS,-open}.

(v) = (i): Let x ¢ F and suppose that F is a uS,-closed set. Then
x ¢ {guSpc,(U) : F C U and U is guSy,-open}. Thus, there exists a guS,-
open set U such that ' C U and = ¢ guS,c,(U). Let U, = X\guSpc,(U).
Then z € U, and U, N U = &. Therefore, X is a guS,-regular space. 0

Theorem 4.4 The following statements are equivalent for a GT-space X where
guS,0(X) possesses the property 9.

(i) X is a guSy-normal space.

(ii) For every pSy-closed sets Fy and Fy such that Fy N Fy = &, there exist
guSy-open sets Uy and Uy such that Iy C Uy, F, C U and
guSpc,(Ur) NU; = @.

(i) For every uS,-closed sets Fy and Fy such that Fy N Fy = @, there exists
a gpSy-open set U such that Fy C U and guSyc,(U) N Fy = @.

(iv) For every uS,-closed set F' and a puS,-open set U such that F* C U, then
there exists a guSy-open set V' such that F CV C guSyc, (V) C U.
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Proof: (i)=-(ii): This follows from Lemma 4.1.

(ii) = (iii): This is straightforward.

(iii)= (iv): Let F' be a uS,-closed set and U be a uS,-open set such that
F CU. Then Fy = X\U is a puSy-closed set such that F'N I} = @. By (iii),
there exists a guS,-open set V' such that F¥ C V and guS,c, (V)N F; = @.
Hence, FF CV C guSyc, (V) C X\F, =U.

(iv) = (i): Suppose that F; and F, are uS,-closed subsets of X such that
FyNF, =@. Then, Uy = X\F; is a guS,-open set such that F; C Uy. Thus,
by (iv), there exists a guS,-open set V' such that Fy CV C guS,c, (V) C Us.
Hence, F; C V and Fy, = X\Us € X\guSpc,(V), where X\guSyc, (V) is a
guSp-open set. Thus, there exist guSy-open sets V and W = X\guS,c, (V)
such that /7 C V and F, C W. Therefore, X is a guS,-normal space. U]

Theorem 4.5 The following statements are equivalent for a GT-space X where
guS,0(X) possesses the property 9.

(i) X is a guS,-Ty space.

(ii) For every pSy-closed sets Fy and Fy such that Fy N Fy = &, there exist
guSp-open sets Uy and Uy such that Fy C Uy, F, C U; and
guSpc,(Ur) NU; = @.

(iii) For every uSy-closed sets Fy and Fy such that Fy N Fy = @, there exists
a gpSy-open set U such that Fy C U and guSyc,(U) N Fy = @.

(iv) For every uS,-closed set F' and a puS,-open set U such that F* C U, then
there exists a guSy-open set V' such that F CV C guSyc, (V) C U.

Proof: The proof is similar to Theorem 4.4. O

We will now detemine under which type of functions previously defined do
some spaces are invariant.

Theorem 4.6 The property of being a guS,-11 space and guS,-T> space are
invariant under an absolute guS,-open bijective functions.

Proof: Suppose that X is a guS,-11 space and Y be any space. Let
[+ (X,pux) = (Y,py) be an absolute guS,-open bijective function. Let
y1 and 1o be any two distinct points in Y. Since f is bijective, there ex-
ist distinct points z; and x5 in X such that f(z1) = vy and f(z2) = ve.
Since X is a guS,-T1 space, there exist guxSy-open sets U and V' such that
1y € Uxy ¢ U and 2o € Vixy ¢ V. Hence, y1 = f(z1) € f(U),
Y2 = f(z2) ¢ f(U) and yo = f(z2) € f(V), ;1 = f(z1) ¢ f(V). Since f
is an absolute guS,-open function, f(U) and f(V) are guy Sp,-open sets in Y
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with Y1 € f(U)ayQ ¢ f(U)va € f(v)7y1 ¢ f(V) Therefore, Yisa g:uSp_Tl
space. The second statement is proved similarly. O

We end this section by the following theorem.

Theorem 4.7 The property of being a guS,-reqular space and giS,-normal
space are invariant under absolute guSy,-continuous and absolute guS,-open
bijective functions.

Proof: Let f: (X, pux) — (Y, py) be a bijective absolute gu.S,-continuous and
absolute guS,-open function. Suppose that X is a guS,-regular space, y € Y
and F' be a uy S,-closed subset of Y such that y ¢ F. Since f is a bijective
absolute guS,-continuous, there exists € X such that f(z) =y and f~'(F)
is a pxSy-closed subset of X with z ¢ f~!'(F). Thus, there exist guxS,-
open sets U and V such that x € U, f~%(F) C V and U NV = &. Hence,
y= f(z) € f(U), F C (V) and f(U) A f(V) = f(UNV) = f(2) = &. Since
f is an absolute guS,-open function, f(U) and f(V') are guyS,-open sets in
Y. Therefore, Y is guS,-regular. The second statement is proved similarly. [
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1 Introduction

In 1963, Levine introduced the notion of semi-open sets [3] which is one
of the well-known notion of generalized open sets. Several types of generalized
open sets were introduced such as preopen sets [4] that was established by
Mashhour et.al in 1982. In 2007, the concept of S,-open sets [5] in topological
spaces was introduced by Shareef in his M.Sc. Thesis.

In this paper, the concepts of puS,-open sets, pS,-interior and p.S,-closure
of a set in the generalized topological spaces are introduced and characterized.
Also, the study of related functions such as pS,-continuous, S,-open and
(S,-closed functions are considered.
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Throughout this paper, space (X,pu) (or simply X) always means a
generalized topological space (GT-space) on which no separation axioms are
assumed unless explicitly stated. For a subset A of a GT-space X, 15,c,(A),
pwSpi,(A), and X\ A denote the 11.5,-closure of A, puS,-interior of A, and com-
plement of A in X, respectively.

2 Preliminaries

Definition 2.1 [2] A generalized topology (briefly GT) on X is a subset p of
the power set &Z(X) of X such that @ € u and every union of some elements
of u belongs to u. We say that p is a strong GT [1] if X € pu. The pair (X, p)
is called a generalized topological space (briefly GT-space). From now on, X
will simply mean a GT-space if no confusion arises.

Definition 2.2 [1] A subset A of a GT-space X is called

(i) p-semiopen if A C ¢, (i,(A)) ;

(ii) p-preopen if A Ci,(c,(A)) ;

The complement of p-semiopen (respectively p-preopen) set with respect to X
is called a p-semiclosed (respectively p-preclosed) set.

Remark 2.3 A subset A of a GT-space X is
i.) p-semiclosed if i,(c,(A)) C A.
ii.) p-preclosed if c,(i,(A)) C A.

Definition 2.4 A subset A of a GT-space X is called pS,-open if A is
pu-semiopen and for every x € A, there exists a p-preclosed set F' such that
x € F C A. The complement of a uS,-open set is called a pS,-closed set.

Remark 2.5 p-open set and pS,-open set are independent to each other as
seen from the following example.

Example 2.6 Let X = {a,b,¢,d} and p = {@,{a,c},{d},{a,c,d}}. The
wSy-open sets of X are @, X, {b,d}, {a,b, c}, and {b}.

Remark 2.7 i.) A subset A of a GT-space X is uS,-closed if and only if A
is p-semiclosed and for every x ¢ A, there exists a p-preopen set U such that
x¢Uand ACU.

ii.) The collection of all 1S,-open sets in X forms a strong GT but not always
a topology on X.

iii.) The arbitrary intersection of ;S,-closed sets in X is uS,-closed.

Definition 2.8 The union of all the p.5,-open sets of a GT-space X contained
in A is called the pSy,-interior of A, denoted by 11.5,7,(A).
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Definition 2.9 The intersection of all the p.S,-closed sets of X containing A
is called the puSy,-closure of A, denoted by p.S,c,(A).

Theorem 2.10 Let (X, ) be a GT-space and A C X. Then the following
hold:

1) pSpin(A) = X\(MSP?M(X\A))'

i) pSpeu(A) = X\pSpi(X\A).

Definition 2.11 Let (X,ux) and (Y,py) be GT-spaces. A function
f (X, ux) = (Y, uy) is called

(i) p-continuous if for every py-open subset U of Y, f~H(U) is ux-open in X.
(i1) uS,-continuous if for every py-open subset U of Y, f~1(U) is uxS,-open
in X.

(ili) pS,-reqular strongly continuous (briefly pS,rs-continuous) if the inverse
image of every iy S,-open set in Y is px-open in X.

(iv) wS,-open if the image f(A) is py S,-open in Y for each px-open set A in
X.

(v) uSp-closed if the image f(A) is py Sp-closed in Y for each px-closed set A
in X.

(vi) pSp-irresolute if for every uy S,-closed subset F of Y, f71(F) is a uxS,-
closed set in X.

3 uSp,-interior and pS,-closure of a Set
Theorem 3.1 Let (X, pu) be a GT-space and A, B C X. Then
(a) A is uSy-open if and only if A = pS,i,(A).
(b) If AC B, then uSpi,(A) C pSpin(B).

(¢) If A and B are both (1S,-open, then AN B is not necessarily a j15,-open
set.

Remark 3.2 The collection of all ;1S,-open sets in X does not necessarily
form a topological space.

To see this, consider X = {a,b, ¢, d} with p = &(X). Then the uS,-open
sets in X are @, X, {a, c,d} and {b, c,d} but {a,c,d} N{b,c,d} = {c,d} is not
(Sy-open.

Remark 3.3 Let (X, ) be a GT-space and A C X.
i.) If A is p-open, then A is both p-semiopen and p-preopen.
ii.) If A is p-closed, then A is both p-semiclosed and p-preclosed.
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Theorem 3.4 Let (X, u) be a GT-space and A C X. If A is both p-semiopen
and p-preclosed, then A is j1S,-open.

The converse of Theorem 3.4 is not true since in Example 2.6, & is ;1.5,-open
but it is not p-preclosed.

Theorem 3.5 Let (X, pu) be a GT-space and A, B C X. Then

(a) z € uSycu(A) if and only if for every pSy-open set O with x € O,
ONA+#a.

(b) If A C B, then uSyc,(A) C uSpe,u(B).

(¢) puSpeu(A) € pSpeu(puSpeu(A)).
(d) A is pS,-closed if and only if A = pSyc,(A) = Sy (wSpe,(A)).

(€) pSpeu(A) U pSpeu(B) S pSpeu(AU B).

Theorem 3.6 Let (X, ) be a GT-space. The intersection of all the p-closed
subsets A; of X is a puS,-open set.

Proof: Let {A; : i € I} be a collection of all pu-closed subsets of X. If N;A; = &,
then we are done. Assume that N;A; # @. Since Als are u-closed sets, N;A4; is
p-closed. We claim that i,(N;A;) = @. Indeed, if in contrary, i,(MN;A4;) # @,
then there exists a p-open set B # & such that B C N;A;. Thus, X\B is
p~closed and since M;A; is the smallest p-closed subset of X, M;A; C X\B.
This implies that B C X\B, a contradiction. This shows that i,(N;4;) = @.
Hence, ¢,(i,(M;A;)) = ¢, (@) = M;A; so M;A; is p-semiopen and p-preclosed.
Therefore, N;A; is (1S,-open. 0

Theorem 3.7 Let X be a finite nonempty set and p, = P (X\{z}) where
x € X. Then py is a GT on X and every p,-closed set is a ji,S,-open set.

Proof: Let x € X and A be a p,-closed set. Then A C X with x € A. By
Remark 3.3, A is a u,-preclosed set. We claim that A is p,-semiopen. If
A = {z}, then i, (A) = @ and ¢, (i, (A)) = ¢, (&) = {z} = A. Hence, A is
piz-semiopen. Suppose that |A| > 1. Then there exists y € A such that z # y.
Then y € i,,(A). Thus, every p,-closed set £ D i, (A) contains y. Hence,
Y € ¢y, (i, (A)). Therefore, A C ¢, (i,,(A)). It follows that A is pi,-semiopen.
By Theorem 3.4, A is a p,S,-open set. O
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4 pS,-continuous Functions
In this section, some properties of ©.S,-continuous functions are obtained.

Theorem 4.1 If f : (X,ux) — (Y.uy) is wS,-continuous and
g : (Youy) = (Z,pz) is p-continuous, then go f : (X,ux) — (Z,pz) is
pS,-continuous.

Proof: Let U be pz-open in Z. Then g~ 1(U) is py-open since g is p-continuous.
Thus, f~1(g7*(U)) = (go f)"*(U) is uxS,-open since f is pS,-continuous.
Therefore, g o f is j15,-continuous. O

Remark 4.2 The composition of two (S,-continuous functions need not be
(S,-continuous.

To see this, let X = {a,b,c,d} with ux = {@,{a,c},{d},{a,c,d}},
Y = {a,b} with py = {@,{a}}, and Z = {u,v,w} with uy = {&, {u}}.
Then iy Sy-open sets in Y are &, {a}, {b},{a,b}; pxS,-open sets in X are
@,X,{b,d},{a,b,c},{b}; pzSp,open sets in Z are @, Z {v,w}. Define
f:X =Y by f(b) =a, f(a) = f(c) = f(d) =b. Then f is uS,-continuous.
Define g : Y — Z by g(b) = u, g(a) = v. Then g is also uS,-continuous. But
gof:X — Zand (go f)"'({u}) = f (g ({u})) = f1({0}) = {a,c,d} is

not a puxS,-open set in X.

Theorem 4.3 Let f : (X,ux) — (Y,uy) be a bijective function. The
following statements are equivalent:

1. f is pSy-continuous.

2. For each x € X, and each py-open set V' containing f(z), there exists a
pxSy-open set U containing x such that f(U) C V.

3. f7H(F) is uxS,-closed in X for every py-closed set F in'Y.

Je F(x Sy (A)) C cuy (F(A)) for every A C X.

5. uxSpeux (fTH(B)) C fH(cuy (B)) for every BCY.

6. i (B)) C xSyt (/" 1(B)) for every BC Y.

7 Gy (f(A)) C fuxSpiuy (A)) for every subset A of X.

Proof: (1) = (2): Let z € X and let V be a py-open set with f(z) € V.
Since f is uSy,-continuous, f~H(V) is pySp,-open in X and z € f~1(V). Take
U= f1(V)sothat f(U)=V with z € U.

(2) = (1): Let V be any py-open set in Y and let z € f~' (V). Then f(z) € V.
By (2), there exists a uxSy,-open set U, such that z € U, and f(U,) C V. By
Remark 2.7 (ii), U U, is a pxSy,-open set in X. Hence,

zef~H(V)
fYV) = U U, is a p1xS,-open set. Therefore, f is pu.S,-continuous.
zef~H(V)
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(1) & (3): Let f be puS,-continuous and let F' be any jy-closed set in Y. Then
Y\F is py-open. Since f is uS,-continuous, f~H(Y\F) is puxSp,-open. Now,
“HY\F) = fTAYO\NSUEF) = X\fHF). Hence, f71(F) is pxS,-closed in
X. Conversely, let F' be a uy-open set in Y. Then Y\F is py-closed. By
assumption, f~H(Y\F) is uxSy-closed in X. Since f~1(Y\F) = X\ f~1(F),
f7YF) is pxSp-open. Therefore, f is wS,-continuous.
(3) = (4): Let A be any subset of X. Then f(A) C ¢, (f(A)) and ¢, (f(A)) is
a pry-closed set in Y. By assumption, f~(c,, (f(A)))is a ux Sp-closed set in X.
Hence, uSycuy (A) C f~1(euy (F(A)). Therefore, f(uxSpcuy(A)) C cuy (F(A)).
(4) = (5): Let B C Y. Then f7!(B) is a subset of X. By (4),
flcSyon FB) € i B) C eun(B). Ths
xSy (F1(B)) € £ (e (B)).
(5) = (6): Let B C Y. Applying (5) to Y\ B, we have uxSyc,, (f~HY\B)) C
! (ch(Y\B)). It follows that (i, (B)) C puxSpi (f71(B)).
(6 ) (7): Let A be any subset of X. Then f(A) is in Y. By (6),
/-
(7

Hiny (f(A))) € pxSpiny (A). Therefore, i, (f(A)) C f(pxSpiny (A)).
) = (1 ): Let V be a py-open subset of Y. Then f~1(V) C X. By (7),

iy (FUFTHV))) € fux Spipy (F7HV)). Thus, iy (V) © f(px Spie (V).
Since 'V is  py-open, V - F(pxSpiu (f7HV)))  so  that
FHV) C pxSpiu (f7HV)). Hence, uxSpiu (f~H(V)) = f~1(V) which is
px Sp-open. Therefore, f is pSy-continuous. The proof is complete. O

Theorem 4.4 f : X — Y is uSyrs-continuous if and only if f~'(A) is
p-closed for every j1S,-closed set A in'Y .

Proof: Let f be a pSyrs-continuous function and A be a pyS)-closed set in
Y. Then Y\A is pySp-open in Y. Thus, f~1(Y\A) is ux-open since f is
pS,rs-continuous. But f~H(Y\A) = X\ f~!(A). Hence, f~'(A) is u-closed.
Conversely, let O be a uySy,-open set in Y. Then Y\O is py S,-closed.
By assumption, f~'(Y\O) is px-closed. Thus, f~}(Y\O) = X\f}O) is
px-closed. Therefore, f~1(0) is px-open implying that f is uS,rs-continuous.
This proves the theorem. 0

Theorem 4.5 Let f : (X,ux) — (Y,uy) be a bijective function. The
following statements are equivalent:

1. f is puSyrs-continuous.

2. For each x € X, and each iy Sy-open set V' containing f(x), there exists a
px-open set U containing x such that f(U) C V.

3. f7H(F) is px-closed in X for every py S,-closed set F in'Y .

4o TG (A)) € piy-Syn ((A)) for every AC X.

5. Cux (I (B)) € H(tixSycuy (B)) for every BC Y.

6. 1 1y Sy (B)) C g (f 1 (B)) for every BCY.

7.ty Spipy (f(A)) C f(iuy (A)) for every subset A of X.

Proof: The proof is analogous to Theorem 4.3. O



uSp-sets and (1.Sy-functions 505

5 uSy,-open and pS,-closed Functions

This section includes some properties of uS,-open and p.S,-closed functions.

Theorem 5.1 Let f : (X, ux) — (Y,uy) be a bijective function. Then the
following statements are equivalent:

1. f is pSpy-open.
2. f is pSy-closed.
3. Fling (A)) € iy Syiy (F(A) for every A C X.

4. For each subset W of Y and each ux-open set U containing f~'(W),
there exists a iy Sy-open set V of Y such that W CV and f~1(V) C U.

5. For every subset S of Y and for every ux-closed set F' of X containing
F7YS), there exists a pySy-closed set K of Y containing S such that
fHUE)CF.

6. [y Spcuy (B)) C cuy (fH(B)) for every subset B of Y.

7. by Sty (F(A)) C Fey (A)) for every subset A of X.

Proof:

(1) & (2): Let f be pSy-open and D be ux-closed in X. Then X\D is px-
open and f(X\D) is uySp,-open. Since f is bijective, Y\ f(D) = f(X\D) is
py Spy-open. Thus, f(D) is py S,-closed.

Conversely, let f be pS,-closed and suppose that O is a px-open set in X.

Then X\O is px-closed and f(X\O) = Y\ f(O) is pySy-closed. Therefore,
f(O) is py Sy-open.
(1) & (3): Let A C X and suppose that f is wuS,-open. Since i,, (A) is
px-open and f is pSy-open, f (i, (A)) is py Sp-open. Also, i, (A) C A implies
that f(i,(A)) € f(A). Thus, f(iu(A)) € pySpiu, (f(A)) by definition of
fry Spiy (f(A)).

Conversely, let O be a pix-open set in X. Theni,, (O) = O and f(i,,(0)) =
f(O) C puySpiu (f(O)) € f(O). Hence, pySyiu (f(O)) = f(O). Since
Ly Spiuy (f(O)) is py Sp-open, f(O) is py Sp-open. Therefore, f is a pu.5,-open
function.

(2) & (7): Let A C X and suppose that f is pS,-closed. Since A C ¢, (A),
f(A) C f(cux(A)). Moreover, since ¢, (A) is px-closed in X, f(c,y(A)) is
py Sp-closed. Therefore, 11y Spcuy (f(A)) C fleuy (A)).

Conversely, let O be py-closed. Then ¢, (O) = O and f(c,,(0)) = f(O).
Since £(0) € v Sy (F(0)) € F(eux (0)) = F(O), piy Syt (F(0)) = F(O).
Since py Spcy, (f(O)) is py Sp-closed, f(O) is pySp-closed. Therefore, f is a
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wS,-closed function.

(1) < (5): Suppose that f is uS,-open. Let S C Y and F be a px-closed
subset of X such that f~!(S) C F. Now, X\F is a ux-open set in X. Since
[ is uSp-open, f(X\F) is pySy-open in Y. Then K = Y\ f(X\F) is a uy S,-
closed set in Y. Since f~1(S) C F, X\F C X\f7'(S5) = f~4(Y\S). Thus,
FX\F) C F(f(V\S)) € ¥\S. Hence Y\(Y\S) C Y\F(X\F) implying
that S C K and f~1(K) = X\f ' (f(X\F)) C X\(X\F) = F.

For the converse, let U be a ux-open set in X. Since X\U is ux-closed
and fTHY\f(U)) = X\(f7'(f(U))) € X\U, by assumption, there exists a
py Sy-closed subset K of Y such that Y\ f(U) C K and f~}(K) C X\U so
that U C X\ f }(K). Hence, Y\K C f(U) C f(X\f }(K)) C Y\K. This
implies that f(U) = Y\ K. Since Y\ K is puy Sy-open, f(U) is py S,-open in Y.
Therefore, f is j1.S,-open.

(2) & (4): Similar to (1) < (5).

(1) < (6): Suppose that f : X — Y is a uSp,-open function and let B be
any subset of Y. Since f~'(B) C ¢, (f~Y(B)) and ¢, (f~*(B)) is ux-closed

in X, by (1) < (5), there exists a 1y S,-closed set K of Y such that B C K and
fHEK) C e (fHB)). Hence, py Speuy, (B) C K. Therefore, f~(py Spcu, (B)) C
7K C e (F1(B))

Conversely, let O be a px-open set in X. Then X\O is ux-closed and
£ Sy (FX\0)) € X\O. Also, X\O € F~juy Sy (F(X\0))) and
by Sy (FX10)) = V\F(0). Since jiy 6, (F(X\O)) is iy Sy-closed, £(0)
is p1y Sp-open. Therefore, f is a p1.S,-open function. O

Theorem 5.2 Let f : (X,ux) — (Y,uy) and g © (Y,uy) — (Z,uz) be
mappings such that the composition go f : (X, ux) — (Z,uz) is pSy-closed.
Then the following hold:

(a) If f is p-continuous and surjective, then g is pSy,-closed.
(b) If g is pS,-irresolute and injective, then f is juS,-closed.

(c) If g is puSyrs-continuous and injective, then f is p-closed.

Proof: (a) Let f be p-continuous and surjective and let A be a py-closed sub-
set of Y. Since f is p-continuous, f~'(A) is px-closed in X. Since go f
is uS,-closed, (g o f)(f7'(A)) is uzS,~closed in Z. Since f is surjective,
(go NH(fHA) = g(f(fH(A))) = g(A) is also pzS,-closed. Therefore, g(A)
is a pzS,-closed set in Z and ¢ is a pS,-closed function.

(b) Let A C X be a px-closed set. Since go f is uS,-closed, (go f)(A) is puzS,-
closed in Z. Because g is pSp-irresolute and  injective,
f(A) = g7 (9(f(A)) = g7'((g 0 f)(A)) is pySy-closed in V. Therefore, f
is p15,-closed.
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(c) Let D be a pux-closed set of X. Since go f is uS,-closed, (go f)(D) is p12S,-
closed in Z. Since g is uS,rs-continuous and injective, f(D) = g~ *((go f)(D))
is py-closed in Y. That is, f(D) is uy-closed in Y. Therefore, f is u-closed.
This completes the proof. O

Theorem 5.3 Let f : (X,ux) — (Y,uy) be a p-closed map and
g  Yyuy) — (Z,pz) a pSy-closed map, then the composition
gof:(X,ux)—= (Z,uzy) is uSy-closed.

Proof: Let F be any ux-closed set in X. Since f is u-closed, f(F) is py-
closed in Y. Because g is uSy-closed, g(f(F)) is pzSpy-closed in Z. Thus,
(go f)(F)=g(f(F)) is pzSp-closed and hence g o f is p5,-closed. O

Remark 5.4 Let f : (X,ux) — (Y,uy) be a pS,-closed function and
g : Yiuy) = (Z,pnz) a p-closed function. Then the composition g o f :
(X, pux) = (Z, pz) need not be pS,-closed.

Theorem 5.5 For a bijection map f : (X, ux) — (Y, uy), the following are
equivalent:

(a) f71:Y — X is uS,-continuous.

(b) f is wSy,-open.
(c) f is pSy-closed.

Proof: (a)=(b): Let U be a pux-open set of X. By hypothesis,
(f~H~YU) = f(U) is pySy-open in Y so that f is uS,-open.

(b)=>(c): Let F be a px-closed set of X. Then X\F is ux-open in X. By
assumption, f(X\F) is pyS,-open in Y. Since f is bijective, Y\ f(F) =
f(X\F) is pySp-open in Y. Hence, f(F) is puyS,-closed in Y. Therefore,
f is pS,-closed.

(c)=>(a): Let F' be a ux-closed set of X. By (c), f(F) is pySy-closed in Y.
But f(F) = (f~")"Y(F). Thus, f~! is uS,-continuous. O
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Abstract

In this paper, the concept of regular w-closed (rw-closed) sets in
topological spaces introduced in [1] is further studied. It also investi-
gates related concepts such as rw-interior and rw-closure of a set, and
rw-continuous.
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1 Introduction

In 1937, Stone [6] introduced and investigated the regular open sets. These
sets are contained in the family of open sets since a set is regular open if it is
equal to the interior of its closure. In 1978, Cameron [2] also introduced and
investigated the concept of a regular semiopen set. A set A is regular semiopen
if there is a regular open set U such that U C A C U. In 2007, a new class of
sets called regular w-closed sets (rw-closed sets) was introduced by Benchalli
and Wali [1]. A set B is rw-closed if B C U whenever B C U for any regular
semiopen set U. They proved that this new class of sets is properly placed

! This research is funded by the Department of Science and Technology-Philippine Council
for Advanced Science and Technology Research and Development (DOST-PCASTRD).



916 Philip Lester P. Benjamin and Helen M. Rara

in between the class of w-closed sets [5] and the class of regular generalized
closed sets [4].

In this paper, the concepts of rw-closed and rw-open sets (complement of
rw-closed set) are further investigated. Also, the study of related functions
involving rw-closed and rw-open sets are characterized.

Throughout this paper, space (X, T) (or simply X) always means a topolog-
ical space on which no separation axioms are assumed unless explicitly stated.
For a subset A of a space X, A, int(A), and C(A) denote the closure of A,
interior of A, and complement of A in X, respectively.

2 Preliminaries

Definition 2.1 [1] A subset A of a space X is called

(i) regular open if int(A) = A and it is reqular closed if int(A) = A.

(ii) regular semiopen if there exists a regular open set U such that
UCACU.

(iii) reqular w-closed set (briefly, rw-closed) if A C U whenever A C U and
U is regular semiopen in X. The complement of any rw-closed set is called

rw-open set.

Definition 2.2 [3] The intersection of all the rw-closed sets of X containing

A is called the rw-closure of A, denoted by rw-(A).

Definition 2.3 [3] The union of all the rw-open sets of a space X contained
in A is called the rw-interior of A, denoted by rw-int(A).

Definition 2.4 [1] A function f: X — Y is called

(i) rw-open if the image f(A) is rw-open in Y for each open set A in X.

(ii) rw-closed if the image f(A) is rw-closed for each closed set A in X.

(iii) rw-continuous if for every open subset U of Y, f~}(U) is rw-open in X.

Theorem 2.5 [1] Every closed set is rw-closed.

3 rw-interior and rw-closure of a Set

Theorem 3.1 Let (X, T) be a topological space and A, B C X. Then
(a) If A is open, then A is rw-open.
(b) If A is rw-open, then A = rw-int(A).
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(c) int(A) C rw-int(A).
(d) If A C B, then rw-int(A) C rw-int(B).

(e) If A and B are both rw-open, then AN B is rw-open.

Remark 3.2 The converses of Theorem 3.1 (a) and (b) are not true.

Remark 3.3 Let (X, T) be a topological space and A,B C X. If A and B
are both rw-open, then AU B need not be rw-open. Thus, the family of all the
rw-open subsets of X is not a topology in X.

Theorem 3.4 A is rw-open in X if and only if for every reqular semiopen
set U in X with AUU =X, int(A)UU = X.

Proof: (=) Let A be an rw-open set in X and let U be a regular semiopen with
AUU = X. Then C(A) N C(U) = @ implying that C(A) C U. Since C(A) is
rw-closed, C(A) C U. Hence C(U) C C(C(A)). But C(C(A)) = int(A). Thus
C(U) Cint(A). Therefore, int(A) UU = X.

(<) Let U be a regular semiopen set such that C(A) C U. Then
C(A)NC(U) = @ implying that AUU = X. By hypothesis, int(A)UU = X

implies that C(U) C int(A) = C(C(A)) so that C(A) C U. Thus C(A) is
rw-closed. Consequently, A is rw-open. O

Theorem 3.5 Let (X, T) be a topological space and A, B C X. Then

(a) x € rw-(A) if and only if for every rw-open set O with x € O,
ONA+o.

(b) For any set A, rw-(A)C rw-(rw-(A)).

(¢) If A is rw-closed, then A = rw-(A) = rw-(rw-(A)).

(d) rw-(AU B) = rw-(A) Urw-(B).
(e) rw-(A) C A.

(f) If A and B are subsets of X with A C B, then rw-(A) C rw-(B).
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4 rw-continuous Functions
Theorem 4.1 Fvery continuous function is rw-continuous.

Proof: Let X and Y be topological spaces and let f : X — Y be a function.
Suppose that A is any open set in Y. Since f is continuous, f~!(A) is open in
X. By Theorem 3.1(a), f~!(A) is rw-open. Thus, f is rw-continuous. O

Theorem 4.2 If f : X — Y is rw-continuous and g : Y — Z s continuous,
then go f : X — Z is rw-continuous.

Proof: Let U be open in Z. Then g~*(U) is open since g is continuous. Thus,
g7 (U)) = (go f)~(U) is rw-open since f is rw-continuous. Therefore,
g o f is rw-continous. 0J

Remark 4.3 The composition of two rw-continuous functions need not be
TWw-continuous.

Theorem 4.4 Let X and Y be topological spaces and f : X — Y. Then f
15 rw-continuous if and only if the inverse image of each closed set in'Y is
rw-closed in X.

Proof: Let f be rw-continuous and let U be any closed set in Y. Then Y\U
is open. Since f is rw-continuous, f~H(Y\U) is rw-open. Now,

FTHONU) = fTHONTHU) = X\ fHU).

Hence, f~1(U) is rw-closed in X.
Conversely, let U be open in Y. Then Y\U is closed. By assumption,
f~HY\U) is rw-closed in X. Now,

fOND) = fIYONHU) = X\fFHU).

Hence, f~1(U) is rw-open. Therefore, f is rw-continuous. O

Theorem 4.5 If f : X — Y is rw-continuous, then f(rw-(A)) C f(A) for
every A C X.

Proof: Let A C X and let = € rw-(A). Suppose further that U is an open set
in Y with f(x) € U. Since f is rw-continuous, f~(U) is rw-open in X with
z € f~Y(U). Hence, by Theorem 3.5(a), f~1(U) N A # @. Tt follows that

& £ f(FHU) N A) C FHU)) N F(A) S U N F(A),

Thus, U N f(A) # @. Hence, f(z) € f(A). O
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Theorem 4.6 If f : X — Y is rw-continuous, then rw-(f~1(B)) C f~*(B)
for every B CY.

Proof: Let f : X — Y be rw-continuous. Suppose that B C Y and
A = f7(B). Then by Theorem 4.5, f(rw-(f=%(B))) € f(f~1(B)) € B.

Thus, rw-(f~1(B)) C f~Y(B). O

Definition 4.7 A function f : X — Y is called reqular strongly continuous
(briefly rs-continuous) if the inverse image of every rw-open set in Y is open
in X, that is, f~*(A) is open in X for all rw-open sets A in Y.

Remark 4.8 FEvery rs-continuous function is rw-continuous.

Theorem 4.9 f: X — Y isrs-continuous if and only if f~1(A) is closed for
every rw-closed set A in X.

Proof: (=) Let f be rs-continuous and let A be rw-closed in Y. Then C(A)
is rw-open in Y. Thus, f~!(C(A)) is open since f is rs-continuous. But
FHC(A)) = C(f~'(A)). Hence, f~(A) is closed.

(<) Let O be rw-open in Y. Then C(O) is rw-closed. By assumption,

F7HC(0)) is closed. Thus, f~(C(0)) = C(f~'(0)) is closed. Therefore,
f~HO) is open implying that f is rs-continuous. O
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Abstract. In this paper, we have introduced a graph Ggc generated by type-(k1, ko) E-codes
which is (ki, k) E-torsion graph. The binary codewords of the torsion code of C' are the set of
vertices, and the edges are defined using the construction of E-codes. Moreover, we characterized
the graph obtained when k; = 0 and ko = 0 and calculated the degrees of every vertex and the
number of edges of Ggc. Moreover, we presented necessary and sufficient conditions for a vertex to
be in the center of a graph given the property of the codeword corresponding to the vertex. Finally,
we represent every quasi self-dual codes of short length by defining the vertex-weighted (k1, k)
E-torsion graph, where the weight of every vertex is the weight of the codeword corresponding to
the vertex.

2020 Mathematics Subject Classifications: 05C25, 05C60, 05C62, 05C90, 11H71, 14G50

Key Words and Phrases: quasi-self dual codes, rings, torsion codes, E-codes, E-torsion graphs,
graph representation, quasi-self dual codes

1. Introduction

Linear codes, well-studied objects in coding theory, have traditionally been explored
over fields or rings with unity. However, recent researches [2—4, 14] have unveiled a fasci-
nating avenue of investigation by extending the study of linear codes to non-unital rings.
For instance, Alahmadi, et al [1], introduced the notion of Quasi Self-Dual codes (QSD
codes), self-orthogonal linear codes of length n over a non-unital ring E such that the
size of the code is 2". Moreover, there are some interesting researches in binary codes in
the literature, for instance, [15] explored the Zs-triple cycle codes and their duals, [11]
cyclic codes from a sequence over finite fields, and [6] studied self-dual codes over Ry
and binary self-dual codes. In continuation to the codes over E, Shi, Minjia, et al. [14]
presented a special construction of QSD codes over E, based on combinatorial matrices
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related to two-class association schemes, Strongly Regular Graphs (SRG), and Doubly
Regular Tournaments (DRT).

In this article, we delved into the analysis of graphs generated from linear codes over
E, called linear E-codes and examine their properties and use these concepts to formulate
a definition of graph.

Graph theory provides a powerful framework for visualizing and understanding com-
plex systems, making it an ideal tool for investigating linear codes over non-unital rings.
By associating codes with corresponding graphs, we can gain insights into the structure
and behavior of these codes, enabling us to extract valuable information related to er-
ror correction, network coding, and other areas of interest. For standard notations and
concepts in graph theory, the readers are advised to refer to [9].

In this study, we will first establish the foundations of linear codes over F, elucidating
the necessary definitions, properties, and construction methods. Next, we will introduce
the graph representation of such linear codes, by defining (k1, k2) E-torsion graph of an
FE-code, and will discuss the construction of such graphs and explore the relationship
between the code’s properties and the resulting graph structure. Moreover, we will study
vertex-weighted graph to separate the isomorphic graph generated by two inequivalent
E-codes.

The study of coding theory in relation to graph theory is not well-established topic.
However, few researchers tried to focus on the subject such as graph theoretic methods
in coding theory [13], where it discusses the application of graph theory in coding theory,
and codes on graphs [8], where it developed a fundamental theory of realizations of linear
and group codes on general graphs using elementary group theory, including basic group
duality theory.

Through our comprehensive analysis of graphs produced from linear codes over the
non-unital ring F, this article seeks to contribute to the expanding field of coding the-
ory and its applications in diverse domains. By exploring the interplay between graph
theory and linear codes over non-unital rings, we strive to unlock new perspectives, in-
sights, and practical solutions that can address challenges in error correction, information
transmission, and beyond.

2. Background

2.1. Binary codes

As defined in [14], denoted by wt(x) the Hamming weight of x € Fy. The dual of a
binary code C' is denoted by C* and defined as

Ct={yeFsNz e C,(a,y) =0,}

where

n
(:Ev y) = Z TilYi,
i=1
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denotes the standard inner product. A code C' is self-orthogonal if it is included in
its dual:
C CCt

Two binary codes are equivalent if there is a permutation of coordinates that maps one
to the other.

2.2. Ring Theory

We describe the main properties of the ring E of order four. The ring F is defined by
the relations on two generators a, b and we shall write

c=a+b

for the given ring.
The ring F is defined by
E = (a,b|2a = 2b = 0,a*> = a,b*> = b,ab = a,ba = b).

It is a non-unital ring and non-commutative ring with characteristic two. For more
details refer to [3, 7, 12]. The ring is local with maximal ideal {0, c}. Its multiplication
table is given in Table 1.

[en) Newll Han) New)
T O
ool o|T
jen) Nenll Hen) N

OlT|® || x

0 |c |c |0
Table 1: Multiplication table for the ring £

From Table 1, it is clear E is not commutative, and non-unital. It is local with the
maximal ideal

J =10,c},

and residue field

E/J=TF={0,1},
the finite filed of order 2.

If we denote
a:E— E/J=T,,

the map of reduction modulo J. It follows that
a(0) = a(c) =0,

and

ala) = a(b) = 1.
This function « is extended in the natural way in a map from E™ to Fy. Readers who
wanted further details on the properties of ring R, we refer the readers to [1-3, 10].
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2.3. Codes over FE

A linear E-code of length n is a one-sided E-submodule of E™. Let C' be a code of
length n over E. With the code, there are two binary codes of length n:

(i) the residue code defined by res(C) = {a(y)|y € C},
(ii) the torsion code defined by tor(C) = {x € Fy|cx € C}.
The right dual C% of C is the right module defined by
Ctr = {y e E"Vx € C, (x,y) = 0}.
The left dual C*% of C is the left module defined by
Ctt ={y e E"Vz € C, (y,x) = 0}.
An FE-code C is self-orthogonal if
Va,y € C, (z,y) = 0.
It follows that C' is self-orthogonal if and only if
ccchr,
Similarly, C' is self-orthogonal if and only if
C C CHR.
Hence, for a self-orthogonal code C, it satisfies that
ccctrnetr,

An E—code of length n is Quasi Self-Dual (QSD for short) [14] if it is self-orthogonal
and of size 2. A quasi-self dual code is Type IV if all its codewords have even weight

[5].
3. Some results in linear F-codes

3.1. Linear FE-codes

Definition 1. [3] Let C be a linear E-code. Then C is a type-(ki,ks) code if
dim(res(C)) = k1

and
dim(tor(C)) = k1 + ka.



J. Pilongo, L. Paleta, P.L.Benjamin / Eur. J. Pure Appl. Math, 17 (2) (2024), 1369-1384 1373

Theorem 1. [3] Let B be a self-orthogonal binary code of length n. The code C defined
by the relation
C =aB + ¢B*,

is a quasi self-dual code. Its residue code is B and its torsion code is B*.

Corollary 1. /3] Let B and B’ be a binary code of length n such that B is self-orthogonal
and B C B'. Then C is a linear E-code defined by the relation

C =aB+cB'.
4. Results in (ki, k2) E-torsion graph of an F-code

Definition 2. Let C be a linear E-code and B’ be the torsion code of C. Then the simple
graph Ggc such that the verter set

V(Ggc) =B
and
Ty € E(GEo),
the edge set and x # vy, if
ar+cyeC
or
ay + cx € C,

is called the (k1,ke) E-torsion graph of C.

To avoid the confusion to whether the binary code is viewed as a codeword in tor(C)
or vertex in Ggc, we denote the vertex T which corresponds to the codeword x. This
means that if

x € tor(C),
then
z € V(GEge).
Example 1. Let
C =aB+ cB’
where
B = (1100)
and

B' = (1100, 0011) .

This means that
V(GEgc) = {0000, 1100,0011,1111}.

By computation, we get
E(Gpge) = {(0000, 1100), (0000, 0011), (0000, 1111), (1100, 0011), (1100, 1111)}.
Thus, the (k1,ka)-torsion graph of C, Ggc, is illustrated in Figure 1.
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Figure 1: (k1, k2) E-torsion graph of C'

Theorem 2. If C is a type-(ki, ka) of an E-code, then
V(Gre)| = 20+5

and
2k1

|E(Gro)| =) 2tk —i,
i=1
Proof. The equation
V(Gpe)| =205

follows from the fact that the torsion of a type-(k1, k2) E-code has dimension k; + k2. On
the other hand, from the definition of E(Ggc),

E(Gpo) ={(7,y) : v e res(C),y € tor(C)},
that is, each of the 2¥1 elements of the residue will be connected by an edge to the

2k1+k2 -1

elements of the torsion. We can enumerate the edges by starting at an element in the
residue with 28112 — 1 edges containing that element, then if there is another element of
the residue, we will enumerate the 2¥1+%2 — 2 edges containing the second element, since
there is one edge common to the set of edges containing the first element and set of edges
containing the second element, hence the second set of edges is 1 less than the previous
set of edges. We continue the process by subtracting 1 from the number of the previous
set of edges. Using this algorithm, the number of distinct pairs would be

2k1

> ohith g,
=1
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Corollary 2. Let 7 € V(Ggc). If © € res(C), then
deg(@) = 2k1tk2 _ 1,

If x ¢ res(C), then
deg(z) = 2~

Proof. The proof follows from Theorem 2. |
Corollary 3. If C is a type-(k1, ko) E-code, then
|E(GEC)‘ — 22k1+k2 o 22]@‘171 o 2]6171.

Proof. The proof follows directly from Corollary 2. |

Lemma 1. 7(Ggc) = 1.

Proof. If © € res(C), then the eccentricity of Z is 1 since ¥ is connected by an edge to
every vertex in Ggc. If x ¢ res(C), then the eccentricity of Z is 2 since every vertex in
GEc is connected through a vertex in res(C') to all other vertex not in res(C). Therefore,

r(Ggc) = 1.

Lemma 2. Let Gpo # Po, path of order 2. If there exists x ¢ res(C), then there exists
y # x such that y ¢ res(C).

Proof. Let x ¢ res(C). Then
lres(C)| < [tor(C)].
This means ki < ki + ko, that is, ks > 0. Now,
tor(C)| — |res(C)| = 2k — gkt — ok <2k2 — 1> :
Note that if k1 = 0 and ko = 1, Ggc # P», which is a contradiction. Thus,
2k (2~ 1) > 2.
|

Theorem 3. Let C be an E-code and Ggc be the (k1,ke) E-torsion graph of C which is
not Py. Then vertex ¥ € C(Ggc) if and only if v € res(C).
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Proof. Let ¥ € C(Ggc). Suppose x ¢ res(C). Then, by Lemma 2 there exists
y € tor(C') such that both
axr + cy

and
ay + cx

not in C. It follows that eccentricity of T is greater than 1, a contradiction that z €
C(GEgc) by Lemma 1.

Conversely, suppose x € res(C). Then Z is connected by an edge to every vertex in Ggc.
Thus, the eccentricity of vertex Z is 1, that is, € C(Ggc¢). [ |

4.1. (k1, ko) E-torsion graph of QSD codes

Quasi self-dual codes are classified in [3] using their residue codes. But since every
residue code corresponds to a unique torsion code, the study of the structure of Ggo of a
QSD code will be concentrated in this section.

Example 2. Let
C = aB + ¢B*,

where
B = (1100,0011) .

Then
B+ = (1100,0011)

By Theorem 1, C is a QSD code.
V(Gge) = {0000, 1100,0011, 1111},

By Corollary 3,
|E(GEc)| =16 -8 —-2=6,

that is, Gpo is a complete graph.
Theorem 4. Let Ggo be the (ki,ks) E-torsion graph of a QSD code
C =aB +c¢B*
where B is a binary code. Then B is self-dual if and only if Ggc is a complete graph.
Proof. Let B be self-dual. Then
res(C) = tor(C).
By Corollary 2, the degree of every vertex of Ggc is

2/€1 +ko 1

)
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that is, Ggo is a complete graph.
Conversely, suppose that Ggc is a complete graph. Let = € tor(C'). Then

(z,9) € E(GEc)
since Ggc is complete. It follows that
axr +cyeC

for all
y € tor(C).

Applying a, we have z € res(C), that is,

tor(C) C res(C).

Corollary 4. If C is a QSD code of type-(k1,0), then Ggc is a complete graph.
Theorem 5. If C is a QSD code of type-(0, ka), then Ggc is a star graph.

Proof. If k1 = 0, then res(C) is the trivial code which contains only the zero vector.
It follows that
tor(C) = F3.

Hence,

E(Gre) = {(0,7) : = € Fy)}.

Remark 1. Let ki, ks € Z" and Cy,Cy be type-(ki, ko) linear E-codes. Then

Geo, = GEo,.-

Looking at Remark 1, (ki1, k) E-torsion graph alone cannot be used to classify QSD
codes since two inequivalent codes under the same type-(ki, k2) code have the same (k1, k2)
E-torsion graph. So to separate these two inequivalent QSD codes, we use the concept of
vertex-weighted graph which is defined in the following.

Definition 3. The vertex-weighted (ki,k2) E-torsion graph of a QSD code is the
vertez-weighted graph where the weight of a vertex x € Ggc is the weight of the codeword
wt(x) of x € tor(C).

Example 3. Let
Cl = a31 + CBlL

and
CQ = aBg + CB%‘
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where

B; = (1100)
and

By = (1111).

Note that Cy and Cs are two nonequivalents E-codes. Now,

e~ — — o~ o~~~

and

e~ — — o~~~ o~

V(Gge,) = {0000, 1111, 1100, 0011, 0110, 1001, 1010, 0101}.

Figure 2 shows the graph representation of Ggc, :

Figure 2: (k1, k2) E-torsion graph of Ggc,

Furthermore, Figure 3 is the graph representation of graph Ggc,.

Figure 3: (k1, k2) E-torsion graph of Ggc,

Note that the two graphs are isomorphic. However, if we look at the vertex-weighted
graph of Ggc, and Ggc,, respectively, (see Figure 4 and 5) using the weights of every
codeword, we see the difference between these two vertex-weighted (1, 2) E-torsion graphs.
Hence, two codes can have isomorphic graphs but different vertex-weighted (ki,kq) E-
torsion graphs.



J. Pilongo, L. Paleta, P.L.Benjamin / Eur. J. Pure Appl. Math, 17 (2) (2024), 1369-1384 1379

Figure 4: (k1, k2) E-torsion graph of Ggc,

Figure 5: (k1, k2) E-torsion graph of Ggc,

5. Vertex-weighted (ki, ky) E-torsion graph of QSD codes with n < 4

Quasi self-dual E-codes of short length were classified in [3]. In this section, we will
illustrate those QSD codes using their vertex-weighted (k1,k2) E-torsion graphs up to
n =4.

5.1. (ki, k2) E-torsion graph of QSD codes for n=2.

For
C1 = a(00) + ¢(10,01),

we have a (0,2) E-torsion graph which is illustrated in Figure 6.

Figure 6: Vertex-weighted (k1,k2) E-torsion graph of Cy
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For
Cy=a(ll) +c(11),

we have a (1,0) E-torsion graph which is illustrated in Figure 7.

(2)

O

Figure 7: Vertex-weighted (k1, k2) E-torsion graph of Ca

5.2. (ki, k2) E-torsion graph of QSD codes for n=3.

For
C3 = a (000) 4+ ¢ (100,010,001},

we have a (0,3) E-torsion graph which is illustrated in Figure 8.

Figure 8: Vertex-weighted (k1, k2) E-torsion graph of Cs

5.3. (k1, ko) E-torsion graph of QSD codes for n=4.

For
C5 = a (0000) + ¢ (1000, 0100, 0010, 0001) ,

we have a (0,4) E-torsion graph which is illustrated in Figure 10.

1380
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For
Cy = a(101) 4+ ¢(101,010),

we have a (1,1) E-torsion graph which is illustrated in Figure 9.

Figure 9: Vertex-weighted (k1,k2) E-torsion graph of Cy4

Figure 10: Vertex-weighted (k1, k2) E-torsion graph of Cs

For
Cs = a (1100) + ¢ (1100, 0010, 0001) ,

we have a (1,2) E-torsion graph which is illustrated in Figure 11.

Figure 11: Vertex-weighted (k1, k2) E-torsion graph of Cs

1381
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For
C7 =a(1111) 4+ ¢(1111,1100,0110) ,

we have a (1,2) E-torsion graph which is illustrated in Figure 12.

Figure 12: Vertex-weighted (k1, k2) E-torsion graph of C7

For
Cs = a(1100,0011) + ¢(1100,0011) ,

we have a (2,0) E-torsion graph which is illustrated in Figure 13.

Figure 13: Vertex-weighted (k1, k2) E-torsion graph of Cs

1382
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6. Conclusion

In this paper, we studied the (k1,k2) E-torsion graph of a type-(ki, k2) F-codes. In
particular, the size of the set of vertices and set of edges. We also characterized (k1, k2)
FE-torsion graph when k1 = 0 and k9 = 0 and introduced the notion of vertex-weighted
(K1, k2) E-torsion graph to differentiate inequivalent QSD codes of the same type. Finally,
we were able to represent QSD codes which were classified in [3] up to n = 4 using the
vertex-weighted (k1, k) E-torsion graph. By defining a (k1, k2) E-torsion graph G such
that the V(G) = 2M7#2 there are 2% vertices that have degree 2¥1*%2 — 1 with the rest
vertices, if there exist, have degree 2¥1. For future study, after graph operations of two
(k1,k2) E-torsion graphs is a (ki,ks) E-torsion graph? Also, one can explore center of
(k1, ko) E-torsion graphs and the dominating sets of (ki, k2) E-torsion graphs.
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