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ABSTRACT 
 
 
 
Innovative Graph Theoretical Models: FromE-Torsion to Roman Domination and Function-Based 
Convexity 
Project members: Leonard M. Paleta, PhD 
        Philip Lester P. Benjamin, PhD 
        Jupiter G. Pilongo, MS 
 
Abstract.  
 
This research explores three novel graph constructions that bridge distinct mathematical 
disciplines: the generalized e-torsion graph, convex graphs generated by a function and a finite set, 
and forcing perfect domination in graphs.  
 
In 2024, the notion of (k1, k2) E-torsion graph was first introduced by Pilongo, et. al. They used the 
graph to represent type-(k1, k2) linear codes over the non-unital ring E. However, such graphs have 
few examples on small order graphs. In this paper, we will introduce (n, k) torsion graph, a 
generalization of (k1, k2) E-torsion graph, defined to be a graph G such that |V (G)| = n + k where n 
vertices have n + k-1 degrees and the k vertices have degree n. Since the order of the graph is not 
limited only to a power of 2 we can generate more graphs with smaller order that have the same 
properties as (k1, k2) E-torsion graph. We will also formulate result which immediately follows from 
the definition such as the behavior of central vertices and the number of edges. This study will also 
introduce a unary operation of a graph and binary operation of two graphs in order to construct an 
(n; k) torsion graph. We also provide one of the applications of the (n; k) torsion graph which is the 
Student-Proctor Communication Model. 
 
The second research introduces a novel class of graphs termed "convex graphs generated by a 
function and a finite set," denoted as G(f,A). Unlike traditional graph convexity definitions that rely 
on intrinsic graph properties like paths or intervals, G(f,A) derives its structure extrinsically. Its 
vertex set is a finite subset of a function's domain, and an edge exists between two vertices if the 
underlying continuous function exhibits convexity along the segment connecting their 
corresponding domain points. Key properties of these graphs and some theorems were discussed.  
 
Lastly, we introduced and explored the concept of forcing perfect domination number of graphs 
(fγpG). Building upon the concept of a perfect dominating set—a subset of vertices where every 
vertex in the graph is dominated by precisely one vertex from the set—this novel graph invariant 
quantifies the uniqueness of such optimal dominating configurations. The fγpG measures the 
minimum cardinality of a subset required to uniquely identify a minimum perfect dominating set 
(γp-set). 
 
The study elucidates the definition of fγpG through illustrative examples, demonstrating its 
variability. For instance, a graph with multiple minimum perfect dominating sets, like C4, exhibits a 
higher fγpG (e.g., 2), indicating that more information is needed to distinguish among optimal 
solutions. Conversely, a graph possessing a unique minimum perfect dominating set yields an fγpG 
of 0, signifying inherent and unambiguous identifiability of its optimal structure. This parameter 
offers a quantitative measure of the determinism and structural rigidity of graphs concerning their 
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perfect domination, providing insights into the inherent properties of graph structures and 
potentially influencing algorithmic design for optimal solution identification and network 
robustness assessment. 
 
 
 
Keywords: generalized E-torsion graphs, forcing perfect domination, convex graphs  
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B. TECHNICAL DESCRIPTION 

1. Rationale / Significance 

 

Rationale  

Graph theory is one of the growing research areas in the literature of mathematics since it was first 
introduced by a great mathematician named Leonhard Euler regarding the problem in his published 
work involving the Seven Bridges of Konigsberg (Armada & Canoy, 2019). In simple terms, a graph in 
mathematics represents a network of points connected by lines, showing how they are related. The 
points are called vertices, and the lines between them are edges. Domination in graphs is a well-known 
and rapidly growing part of graph theory, with many practical uses (Paleta & Jamil, 2021). For example, 
it can help solve problems like finding the best bus routes for schools, locating army posts efficiently, 
designing computer networks, and planning radio station placements. Studying domination in graphs 
can also help us understand social networks and how relationships between people change over time 
in different fields. There are many different types of domination, one of which is perfect Roman 
domination. This concept is useful for solving problems like where to place facilities, how to design 
communication networks, and how to manage limited resources. On the other hand, the notion of 
forcing numbers originated from the study of molecular resonance structures, initially introduced by 
Klein and Randić, and later explored by other mathematicians (Calanza & Rara, 2022). The study of 
domination in graphs, including perfect Roman domination and forcing subsets, not only enriches the 
theoretical aspects of graph theory but also finds wide-ranging practical applications in various fields, 
making it a compelling area for further research and exploration.  

 

Moreover, the concept of vertex-weighted E-torsion graphs represents a specialized area within this 
field, providing unique insights into graph structures with specific properties.  

 

These structures allow for the analysis and optimization of various systems, making them invaluable in 
fields such as transportation planning, telecommunications, and social network analysis. By leveraging 
the power of vertex-weighted E-torsion graphs, researchers and practitioners can uncover hidden 
patterns, optimize system performance, and make informed decisions for resource allocation and 
network design. Furthermore, the use of vertex-weighted E-torsion graphs in these applications can 
lead to more efficient and effective solutions, ultimately improving productivity and enhancing the 
overall quality of various systems and networks. In summary, vertex-weighted E-torsion graphs have 
profound implications for real-world applications in network analysis, computer science, and 
combinatorial optimization (Priyadarsini, 2015). 

 

On the other hand, the concept of a convex graph induced by a function and a finite set is a novel and 
intriguing idea that has the potential to significantly advance our understanding of convexity and its 
applications across various mathematical disciplines. The properties and behavior of such graphs could 
lead to new insights and connections, particularly in the areas of optimization, geometry, and network 
analysis. 
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One of the primary benefits of exploring convex graphs is the potential to generalize the concept of 
convex sets. Convex sets are a fundamental concept in many mathematical fields, including 
optimization and geometry. By representing convex sets using graphs, this research could provide a 
framework for understanding and analyzing complex data with inherent convexity structures. This 
could lead to new tools and techniques for solving optimization problems involving convex sets, which 
would be particularly valuable in fields like machine learning and data analysis. 

 

Furthermore, the concept of convex graphs could offer a new approach to representing and analyzing 
problems involving convexity. This might lead to the development of more efficient algorithms for 
tasks like finding minimum or maximum values in convex sets. The graph structure could also be 
leveraged to model and analyze specific network dynamics related to convexity properties, which could 
be crucial in understanding complex systems and networks. 

 

The potential applications of convex graphs are vast and diverse. In data visualization, representing 
convex sets through graphs could provide a more intuitive and visual way to understand and analyze 
complex data. This could be particularly useful in fields like finance, economics, and social network 
analysis, where understanding the relationships and patterns within large datasets is crucial. 

 

In conclusion, the investigation of convex graphs induced by functions and finite sets holds significant 
promise for advancing our understanding of convexity, developing new algorithms, and bridging 
connections across different mathematical disciplines. The potential benefits of this research are 
numerous, and it is likely to have a lasting impact on the fields of optimization, geometry, and network 
analysis. 

 

 

 

Significance  

This project aims to advance the field of graph theory by introducing and exploring the concept of 
convex graphs. The expected outcomes of this research are likely to have significant impacts on both 
theoretical and applied mathematics. 

 

 

Objectives (State the General Objectives and Specific Objectives) 

General Objective: Introduce and investigate the concepts of generalized E-Torsion graphs, forcing 
subsets of Perfect Roman Domination in Graphs, and convex graphs generated by a function and a 
finite set. 

Specific Objectives: 

1. Introduce the concepts of generalized E-Torsion graphs, Forcing subsets of Perfect Roman 
Domination in Graphs, and convex graphs generated by a function and a finite set. 

2. Discuss their basic properties. 
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3. Investigate the concepts of generalized E-Torsion graphs, forcing subsets of Perfect Roman 
Domination in Graphs, and convex graphs generated by a function and a finite set of some graph 
operations. 

4. Provide applications of these type of graphs. 

 

 

2. Review of Related Literature 

This section presents some of the related literature of the study.  

2.1. Generalized E-Torsion Graphs 

2.1.1 The ring E and E-Codes 

 

2.1.2 Definition and Construction of (k1, k2) E-Torsion Graphs 
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2.1.3 Key Properties and Characteristics of (k1,k2) E-Torsion Graphs 

 

 

2.2. Forcing Subsets of Perfect Roman Domination in Graphs 

The concept of domination in graphs has numerous variations, including Roman domination and its 
perfect variant. This section introduces the definitions of perfect Roman domination and then 
discusses the concept of forcing subsets as applied to Roman dominating sets. 
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2.2.1 Perfect Roman Domination 

 

2.2.2 Forcing Subsets of Roman Dominating Sets 
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2.3 Convex Graphs generated by a Function and a Finite Set 

2.3.1 Foundational Concepts in Convex Analysis 

Convex graphs generated by a function and a finite set draw their fundamental principles from 
convex analysis, a rich area of mathematics with widespread applications [2, 7]. At its core is the 
concept of a convex function. 

 
2.3.2 Related Notions of Graph Convexity 
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3. Methodology  

 

This study employs a structured and rigorous approach to explore and expand the understanding of 
convex graphs, generalized E-Torsion graphs, and related graph-theoretical concepts such as forcing 
subsets of perfect Roman domination. The methodology is divided into several key steps, ensuring a 
comprehensive exploration and formulation of new mathematical results. 

 

The first step involves an extensive literature review to gather relevant information and previous 
studies related to convex graphs, generalized E-Torsion graphs, domination theory, and graph theory 
in general. This review will: 

   - Identify gaps in current research. 

   - Provide context for the theoretical foundation of the study. 

   - Ensure that any new results are grounded in existing theory, while extending beyond current 
knowledge. 

    

Key sources include academic journals, conference papers, textbooks, and relevant online databases 
that cover graph theory and its applications in optimization, network analysis, and geometry. Once the 
literature review is complete, the study will focus on the development of mathematical proofs. Both 
direct and indirect proof techniques will be employed to explore various properties of convex graphs, 
generalized E-Torsion graphs, and forcing subsets of perfect Roman domination. This step involves 
establishing the truth of propositions by logical reasoning and known results or utilizing contradiction, 
contraposition, or induction where necessary to explore less straightforward properties and 
relationships. This process ensures that each new result is rigorously proven and builds upon prior 
results in graph theory. 

 

Based on the proofs developed, the next step is the formulation of new theorems, propositions, 
corollaries, and lemmas. These elements will serve as the foundation for presenting new results in the 
study.  Each result will be carefully reviewed to ensure consistency, logical soundness, and 
mathematical rigor. 

 

Once the theorems and proofs are fully developed, a clear and comprehensive framework for 
presenting the results will be established. This framework ensures that the results are communicated 
effectively and logically. The final step of the methodology involves compiling all the components into 
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a coherent, well-structured written report. Moreover, outputs of this research will be published to 
journals in mathematics indexed in Web of Science or Scopus. 

 

 

4. Results and Discussion 

This section elaborates on the core concepts of forcing perfect domination and introduces the novel concept 
of the forcing perfect domination number, providing detailed examples to illustrate their definitions and 
implications.  

 

4.1 Forcing Perfect Domination 

 

Definition 1: A dominating set S of a graph G is perfect if each vertex of G is dominated by exactly one vertex 
in S. The perfect domination number 𝛾!(𝐺) is the minimum cardinality of a perfect dominating set of G. A 
perfect dominating set 𝑆 with |𝑆| = 𝛾!(𝐺) is called a 𝛾!-set of 𝐺. 
 
 
Example 1: Consider the graph G in Figure 1. 
 
        a     b   c  
 
 
 
 
 
        d                e          f 
    Figure 1: A graph G of order 6 
 
Let 𝑆" = {𝑎, 𝑒, 𝑐}, 𝑆# = {𝑏, 𝑒, 𝑓}, 𝑆$ = {𝑎, 𝑓}, 𝑆% = {𝑑, 𝑒, 𝑓}. These sets are all dominating sets. However, 
𝑆" is the only not a perfect dominating set because 𝑑 and 𝑏 are adjacent to 𝑎 and 𝑏, and 𝑓 is adjacent to 𝑒 
and 𝑐. The minimum perfect dominating set is 𝑆$ and so 𝛾!(𝐺) = |𝑆$| = 2. 

	
	
Definition 2: Let 𝑊 be a 𝛾!-set of a graph 𝐺. A subset 𝑆 of 𝑊 is said to be forcing subset for 𝑊 if 𝑊 is the 
unique 𝛾!-set containing 𝑆. The forcing perfect domination number of 𝑊 is given by 
 

𝑓𝛾!(𝑊) = min{|𝑆|: 𝑆	𝑖𝑠	𝑎	𝑓𝑜𝑟𝑐𝑖𝑛𝑔	𝑠𝑢𝑏𝑠𝑒𝑡	𝑓𝑜𝑟	𝑊}. 
 
The forcing perfect domination number of 𝐺 is given by  
 

𝑓𝛾!(𝐺) = minA𝑓𝛾!(𝑊):𝑊	is	a	γ! − set	of	𝐺J. 
 
 
Example 2: Consider the graph 𝐶% in Figure 2. 
 
        a     b 
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        c                 d    
   Figure 2: A graph 𝐶% 
 
Let 𝑊" = {𝑎, 𝑐}, 𝑊# = {𝑎, 𝑏}, 𝑊$ = {𝑑, 𝑐}, 𝑊% = {𝑏, 𝑑} be the minimum perfect dominating sets of 𝐶%. 
Note that the subsets {𝑎}, {𝑏}, {𝑐}, {𝑑} are NOT forcing subsets since they are contained in at least two 
minimum perfect dominating sets of 𝐶%. Thus, the respective sets are forcing subsets of itself, that is, 𝑊" 
itself is a forcing subset of 𝑊", 𝑊# itself is a forcing subset of 𝑊#, 𝑊$ itself is a forcing subset of 𝑊$, and 𝑊% 
itself is a forcing subset of 𝑊%. Hence, 𝑓𝛾!(𝑊") = 𝑓𝛾!(𝑊#) = 𝑓𝛾!(𝑊$) = 𝑓𝛾!(𝑊%) = 2, so that 𝑓𝛾!(𝐶%) =
2. 
 
 
Example 3: Consider the graph 𝐺 in Figure 3. 
    
     a              d 
 
       c          e  
 
               b                f 
    Figure 3: A graph G of order 6 
 
Let 𝑊 = {𝑐, 𝑒} be the unique minimum perfect dominating set of the graph 𝐺. Note that the subsets ∅,
{𝑐}, {𝑒}, {𝑐, 𝑒} are forcing subsets of 𝑊 since they are contained in the unique minimum perfect 
dominating set 𝑊 of the graph 𝐺. Hence, 𝑓𝛾!(𝑊) = 0, so that 𝑓𝛾!(𝐺) = 0. 
 
 
 
 
	
	
	
	
	
	
	
	
4.2 Convex graphs induced by a function and a finite set 

	 In this section, we introduce the concept of convex graphs induced by a function and a finite set.  
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4.3 Generalized E-Torsion Graphs 

	 This section discusses the concept of generalized E-Torsion graphs. Some examples and 
theorems will be presented. 
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5. Conclusion and Recommendation 

 

 

6. Accomplishment (6 Ps) 

6Ps Description (example) 
Publication 1 publication drafted 
Patent 1 patent applied 
Products 2 products (product 1, product 2) 
People Services Number of people benefited 
Place and Partnership MOA drafted 
Policies 1 policy drafted 

 

Indicate the accomplishment of each study of the project or each component of the study. 

7. References (in APA format) 
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8. Problems Met and Recommended Action 

-unable to process personal services (honoraria) on schedule due to delay in SO as attachment 

Recommended action: Submit request earlier for SO processing 

 

 

 

 

9. Attachments: 

 
Attachment A – Supplementary Table/Figure, Photo documentation 
 
Attachment B-  Budget Utilization 

Component Allocation Utilized % Utilized 

Office Supplies 6,311.16 6,311,16 100% 

Other supplies 7,151.27 7,151.27 100% 

Technical and scientific equipment 40,916.45 40,916.45 100% 

Representation 5,000 1,500 30% 
Communication 17,600 8,800 50% 
Personal Services (Honoraria) 30,000 0 0% 
Total 106,978.88 64,678.88 60.46% 

 
Attachment C - Workplan 
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